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PREFACE 

In this book an endeavour has been made to cover the syllabuses 
required in physics for the Intermediate, the Higher School Certifi- 
cate,’ and Scholarship Examinations of the various universities. 
Although the selection of the material which is to appear is in 
some measure a matter of personal taste, and other teachers may 
assess the various parts of the subject differently, it is hoped that 
a study of the following pages will furnish the student with a 
comprehensive knowledge of the essential principles of elementary 
physics, and provide him with a useful tool for further work in 
this and other subjects. It is this latter aspect which accounts 
for the somewhat numerous references to the applied sciences. 
In order thus to equip the student and complete the argument as 
far as space and the mathematical attainments of the student 
would permit, the author has not hesitated to use the calculus 
notation and, in one or two instances, the powerful and beautiful 
methods of the calculus itself. In this way it is hoped that 
students will acquire, in the earlier stages of their careers, know- 
ledge which is essential if th^ are properly to appreciate the aims 
of physics, and moreover, Knowledge which must be possessed 
before work for a degree in physics is attempted. The author 
firmly believes that such knowledge must be attained at an early 
stage if the task of the student in mastering the more advanced 
parts of his subject is not to be too arduous. 

In presenting this third edition to his readers, the author has 
kept in view three chief aims, viz. (i) to explain in greater detail 
the more elementary parts of the subject, as well as those parts 
which usually appear difficult on a first acquaintance with them ; 
(ii) to add an accoimt of that portion of physics essential to scholar- 
ship candidates and to those who desire to obtain more than a 
superficial knowledge of the subject ; (iii) to endeavour to give 
definitions and to use equations which are correct dimensionally. 
Usually, in an elementary exposition of physics, the dimensions 
of a physical quantity are not considered — a course leading 
to much trouble in later years. In order to indicate those 
parts of the book which are generally considered to be rather 
above Intermediate standard, they have been printed in smaller 
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type : such portions should certainly be omitted on a first 
reading. 

In Part I there is a general account of the properties of matter 
where the subject of surface tension has been treated on the basis 
of the idea of surface energy, i.e. molecular happenings in the 
liquid itself. The subjects of diffusion, osmosis, and elasticity, 
have been treated in a somewhat detailed manner. A brief account 
of the theory of dimensions and examples of its use have been added. 

In Part II an elementary exposition of the subject of heat is 
presented. Here the author has endeavoured to give brief accounts 
of some of the more modem and accurate methods of obtaining 
thermodynamical data. In particular, the fundamental principles of 
continuous-flow calorimetry have been developed, and the method 
then applied to the determination of latent heats of vaporization 
and thermal conductivities. In order to maintain uniformity 
with the rest of the book, the specific heat of a substance has been 
defined in such a way that its dimensions are, in one system of 
units, cal. gm.“' <lt^g.“‘ 0 . This seems desirable, since the dimen- 
sions of all equations appearing in the subject of heat are then 
correct. The chapter on thermal conductivity remains greatly 
extended j attention is tlici'c directed to the distribution of 
temperature in bars along which heat flows under different con- 
ditions ; a brief jiocoui\t of modern guard-ring methods is given 
as well as an application of this method to liquids. In the chapter 
on the first law of tlicrmodynaTuics the historical development is 
emphasized. Some parts of the cha])tcr on radiation have been 
rewritten, the development now being more logical : an effort is 
also made to draw a clear distinction between processes depending 
only on the emission or absorption of radiant energy, and those 
in which the i)roccsscs of radiation, conduction and convection 
are simultaneously involved. Moreover, the determination of 
specific licats by the method of cooling is described in the chapter 
on calorimetry — not as usual, following an account of Newton’s 
law of cooling, for the method is independent of the validity of 
this law. 

Optics forms the subject of Part III, and here an effort has been 
made to expound the principles of tracing rays through an optical 
system ; it is only by the actual carrying out of such tracings 
that a thorough acquaintance with the elementary principles of 
optical instruments may be obtained. In dealing with the subject 
of magnification, this has been regarded as a numerical quantity, 
80 that any formidse for magnification only contain positive entities. 
These are denoted in the usual manner by |x|, oto. Students seem 
to find this method the least diflieult of all. The chapter on optical 
instruments has been rewritten and considerably extended : the 
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treatment is now up to date. The subjects of interference, diffrac- 
tion, and polarization are treated in still greater detail. The 
theoretical part has been made to depend on ideas involving the 
time of transit between two points rather than on the number 
of waves. 

In Part IV there follows a brief survey of acoustics, where a short 
account of the modern methods of sound-ranging on land and sea 
has been given. Here there appears a comprehensive account of 
methods for determining the velocity of sound in air and in sea- 
water : a short section on supersonics is included. The treatment 
of Lissajou’s figures is now more complete. 

Part V, that section of the book dealing with electricity and 
magnetism, has been considerably extended. This section begins 
with an account of electrostatics, in which there is included a 
chapter on the theory of isotropic dielectrics. Here the idea of 
‘ electric displacement ’ is developed and a brief account of Debye’s 
work on the dielectric constants of gases follows. Gauss’s theorem 
and its applications are then discussed. Electrostatic instruments 
are treated quite fully and in an up-to-date manner. A section 
on magnetism follows : here, as in electrostatics, the term ‘ strength 
of field ’ is generally used in preference to ‘ intensity of field ’. 
The symbol H now denotes the strength of a magnetic field, so 
that another symbol, e.g. Hq, must be selected to denote the 
horizontal component of the earth’s magnetic field. In this section 
on magnetism there is given a short account of an elementary 
form of the Schuster magnetometer and of instruments used for 
recording continuously variations in the magnetic elements. In 
the opening remarks of the first chapter on current electricity, 
the connexion between electricity produced by friction and voltaic 
electricity is discussed. Many changes appear in the succeeding 
chapters where a fairly full account of acciu-ate methods of measur- 
ing a current and a resistance has been given. The underlying 
ideas have then been applied to the determination of small resist- 
ances and of small potential differences. More attention has 
been given to the design and principles of construction of electrical 
measuring instruments. The chapter on the magnetic properties 
of iron and steel has again been enlarged : it includes a brief 
discussion of paramagnetic and diamagnetic substances. The 
chapter on electromagnetic induction has been thoroughly revised. 
Here, as in other parts of the book, greater stress has been laid 
on historical facts, the pioneer work of Faraday being followed 
step by step. Many new diagrams showing the lines of magnetic 
induction (i) due to the original fidd, (ii) due to the induced current, 
are shown. The last chapter gives an accoimt of modern work 
concerning the fascinating story of the atom ; it has only^ been 
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touched upon briefly-just sufficient perhaps to whet a student’s 
appetite for more, but not sufficient to distract him from the more 

fiinrlaincntal parts of the subject. ^ 

As in the fimt edition, the treatment U 
most of the graphs and numerical examples in the text are taken 

from actual observation. No attempt has been m^e, 
to give aU the practical details of the experiments 
are expected to try for themselves, except m 

difficult exercises. In many instances graphical methods of deal- 
ing with experimental observations have been suggested. 

In the near future, the author hopes to publish a text-book of 
practical physics of intermediate standard, and also a collection 

of examples, both worked and to be worked. 

In all parts numerous diagrams will be found. These pnera y 
are in the form of a ‘ section,’ and it is hoped that these ^nll 
help in an understanding of the text and be found suiteble for 
reproduction when occasion arises. Most of the origmal dra^gs 
have been executed from very sketchy material by my brother, 
Brigadier L. G. Smith. O.B.E., and to him I wish to expre^ my 
very best thanks. The author also wishes to thank P* 

Wood, Esq., M.Sc., for the valiiablo suggestions which he hM 
continued to give. Thanks are also due to numerous correspondents 
who have pointed out errors of omission as well as of eommission ; 
also to Professor Sir Charles V. Boys, F.R.S., Professor A. Ferguson, 
D.Sc., Professor L. F. Bates. D.Sc., Dr. J. H. Brinkworth Dr. 
H J T. Ellingham, and J. Nicol, Esq., B.A., B.Sc., who have 
made suggestions with regard to the earUer editions or who have 
gladly given advice when consulted. Lastly, the author womd 
like to express his appreciation of the continued help given by his 
wife {nee H. F. Taylor), without whose assistance in all matters 
coimccted with this edition its publication would have been delayed 

still further. 

Royal Holloway College, 

Enolefield Green. 

SurreV. 

Aprih 1047. 
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INTERMEDIATE PHYSICS 


PART I 

FUNDAMENTAL MEASUREMENTS AND THE 
GENERAL PROPERTIES OF MATTER 

CHAPTER I 

THE MEASUREMENT OF LENGTH, ANGLE, TIME 

AND MASS 

Natural Science. — That branch of human knowledge in which 
the properties of the material world ere examined and then dis- 
cussed is called natural science. Throughout the ages there 
have always been those who have endeavoured to become better 
acquainted with the events around them, whilst, until recently, 
there has always been a majority who have been content to live 
in the midst of phenomena about which they knew little ; to them 
science made little or no appeal. They were disposed rather to 
regard all phenomena as simple and self-explanatory. At the 
present time, however, such a state of affairs can hardly be con- 
ceived, since the advent of wireless and the extensive use of elec- 
tricity in daily life have made it almost essential for everyone to 
become acquainted with the elements of science. But even in the 
centuries which have gone there have always been those who were 
not satisfied with a cursory view of Nature, so that they sought 
to discern the nature of things by careful experimental study. 
The experimentalist is for ever probing the inner secrets of Nature 
and, in so doing, he becomes more cognizant of the majesty and 
mystery of the universe around him. It is very probable that a 
study of Nature was begun soon after the appearance of Man upon 
this planet, for it is very difficult to imagine even amongst a tribe 
of uncouth savages an entire lack of interest in the wonders con- 
fronting it. To these people, /however, every manifestation of 
Nature’s power was a thing of awe and fear, capable only of being 
changed by prayer and intercession to the gods and demons which 
were believed to have their habitations in the material things of 
this world. Gradually, however, succeeding generations, profiting 
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by tlie knowledge handed down to them from tlioir ancestors, began 
to refer various effects to certain fixed causes. Ihey learned to 
interpret the signs of the heavens, and put their frail barks to sea 
when they thought that a period of calm was likely to persist. 
They became acquainted with the footprints of various animals 
and knew the times when these animals would come for water. 
Traps were set, and with the flesh of the animals so caught these 
people were able to provide for the sustenance of their families ; 
the skins of the animals provided them with raiment for their 
bodies and also enabled them to erect a cover to protect them- 
selves from the fury of the storm. These ancient inhabitants of 
the eartli were rcaUy becoming familiar with laws, for they were 
realizing that certain causes would inevitably be followed by certain 
effects. 

In every generation a few people wore able to add a little to 
the sum of human knowledge, and each now discovery made further 
progress more rapid, until, during the last few decades, the advance- 
ment of scientific knowledge has been as remarkable as it has 
been beneficial to mankind. No man is able to claim a thorough 
acquaintance with all the laws and theories of modern science, so 
that it has been necessary to divide natural science into several 
branches, physics, chemistry, biology, etc., and the great strides 
which have been made in all these branches during the last century 
and tills, have made further subdivision imperative in all those 
sections of natural science. In biology the properties of living 
matter are investigated. Hero, much of the work is at present 
only of a qualitative nature, for the processes which are at work 
are very complicated and intricate, necessitating a vast amount 
of research before the laws governing them can all become known ; 
recent developments in this field have made it very apparent that 
there are definite laws and that these laws must be obeyed or the 
penalty paid. In physics and chemistry the properties of inert 
matter are examined and the investigations now completed are so 
extensive that many quantitative laws are knowni, the discovery and 
formulation of which have been made possible by the availability of 
exact standards of measurement. These have arisen from the fact 
that, if real progress is to bo made, exact comparisons must be 
possible. Amongst the instruments of greatest service in the 
development of modern science aro the balance, thermometer, 
spectroscope, microscope, and that now and powerful tool the 
X-ray spectrometer — which has extended our knowledge of the 
structure of atoms in a manner which would otherwise have been 
almost impossible. Another reason why exact standards of refer- 
ence have become so necessary at the present time is that industry 
is always making demands upon the scientist to supply it with 
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more accurate tools, or standards for checking the articles it manu- 
factures. A mere mention of the aeroplane, or of the thermionic 
valve, brings home to us at once the truth of the above statements. 
We shall therefore begin our study of physics with a short discus- 
sion of the fundamental units which form the basis upon wliich 
modern science has been built. In passing, a brief reference to the 
difference between the science of to-day and that which flourished 
at the time of the ancient Greeks may not be inappropriate. Those 
early philosophers were content to make observations on a few 
things and proceed at once to develop a theory, and once having 
framed it they adhered to it most tenaciously. The procedure 
during the last few centimes has been very different. Scientists 
had realized that theories were utterly useless unless they could 
be substantiated by numerous facts, and they therefore set aside 
the art of making theories and directed all their attention to estab- 
lishing facts. When these facts had been correlated, theories 
became possible, although modern scientists have always recognized 
that it is the facts which are true and that the theories are merely 
the product of man ; hence, like man, they may be here to-day 
and gone to-morrow. 


The Three Fundamental Units. — The statement that the 
height of St. Paul’s Cathedral is 365 ft. conveys two ideas — one 
is the unit [the foot], while the other states how many times this 
unit is contained in the height of the object measured. Later on 
we shall find that all units, e.g. those of speed, force, electric cur- 
rent, polo strength, etc., may each be expressed in terms of three 
others, viz. length, mass, and time. These are the three funda- 
mental units, while all others are called derived units. The 
fundamental units in scientific work are the centimetre, gram, and 
second, so that the system of units based on these particular units 
of length, mass, and time is referred to as the cm.-gm.-sec. [e.g.s.] 
system. In England and English-speaking countries, another 
system is nearly always used for domestic and commercial pur- 
poses : it is known as the foot-pound-second [f.p.s.] system 
because its fundamental units are the foot, pound, and second. 

The Measure of Length. — In England, the unit of length is 
the foot, which is defined as one-third the distance between the 
central traverse lines on two gold plugs in a bronze bar called the 
Imperial standard yard when this bar is at 62® F. and supported 
so that it is not bent when comparisons with it are being made. 
[Weights and Measures Act, 1878.] A longitudinal section of this 
bar is shown in Fig. 1-1 (a), the two gold plugs being shown in black. 
It will be observed that the upper surfaces of these plugs on which 
the fiducial lines are engraved are in the median plane of the bar 
where the errors due to any possible bending are a minimum. 
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The unit of length in the c.g.s. system is the centimetre which 
is defined as the one-hundredth part of the metre. This latter 
was intended to be one-ten-miUionth part of the line of longitude 
passing through Paris and extencUng from the North Pole to the 
Equator. Actually this desire was not quite fulfilled, and so, for 
legal and scientific purposes, the metre is defined as the length at 
O'" C. between two fixed lines engraved upon the central fiat portion 
of a platinum-iridium bar, a cross-section of which is indicated in 
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Fig. I’l (6). This bar is termed the International prototype 
metre. Its length in metres at any other temperature is given by 

1 d- [(8-C5U d- O OOlOOf*) X 10“®] 
where /( is the length at C. 

The Measure of Mass. — In the British system the pound is 
the unit of mass ; it is defined as the mass of a certain platinum 
cylinder marked ‘ P.S. 18‘14, 1 lb.*, and deposited with the Warden 
of Standards in London. When a copy of this platinum standard 
is to bo made in some other metal it is necessary to allow for the 
buoyancy of the air so that in recent acts the words ‘ in vacuo * 
have been added to define the standard condition of the platinum 

cylinder. 

The metric system adopts as its standard of moss the gram, 
which is the thousandth part of a mass of platinum-iridium, called 
the International prototype kilogram. This latter is very 
nearly the mass of a cubic decimetre of distilled water at such a 
toraporaturo that its density is a maximum, viz. 3-98® C. when 
the pressure on the water is one atmosphere. It is just as neces- 
sary to specify the pressure as it is the temperature in the above 
statement, since the volume of a given mass of water depends 
upon the external pressure to which it is subjected. 

Time.— The choice of a standard of time is more difficult than 
for the other fundamental units, since, whereas different lengths or 
masses may be compared with the same respective standard, no 
standard unit of time is available — time can only be measured by 
the repetition of a process. The rotation of the earth about its 
axis is an excellent standard of uniform motion, but it is not quite 
perfect. Tidal friction increases its period of revolution, wMle 
any contraction in its size tends to accelerate its motion. The 
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other natural clocks which astronomy offers to us are the revolu- 
tions of the planets or of the satellites of Jupiter. These are not 
convenient standards, however, so that they are only used as a 
last resort to confirm or disprove any variation which may have 
been suspected in some other standard clock. 

The unit of time is the mean solar second which is the seloo f^ 
part of a mean solar day. The solar day is the period which elapses 
between successive transits of the sun across the meridian at any 
point on the earth’s surface. The duration of a solar day is not 
a constant magnitude but varies according to the time of the year 
when it is measured. It is for this reason that the average value 
of the solar day taken over a twelvemonth is used in defining our 
unit of time, and this mean value is called the mean solar day. 
Astronomers, however, use a different unit of time known as the 
mean sidereal second. This is derived from the mean sidereal 
day which is the average value of the period which elapses between 
successive transits of one of the fixed stars across a meridian, the 
average being taken over a period of one year. 

In consequence of the earth’s orbital motion round the sun, the 
time interval between two successive transits of the sun across the 
meridian at any place on the earth is different from that between 
two successive transits across that meridian of a fixed star. For 
simplicity, let us assume that the earth’s orbit is a circle with the 
sun, S, Fig. 1‘2, at its centre. This circle has a radius 9*3 x 10® 
miles, and is de- 
scribed in 3 C 5 
days, 6 hours, 9 
min., 9 sec. (solar 
time) — the length 
of a so-called 
sidereal year, or 
the time interval 
between two suc- 
cessive appear- 
ances of the sun 



in the same position relative to the fixed stars. Let Ej be the 
position of the earth when a transit of the sun and of a star occur 
simultaneously. When the earth has made one complete revolution 
about its axis, i.e. the next transit of the star takes place, it will be 

at E, but, as the diagram shows, a further rotation through AjEgS 
must occur before the sun crosses the meridian. Hence the solar 


day is longer than the sidereal day. Actually the mean sidereal day 
is equal to 23 hours, 56 minutes, 4*09 seconds of mean solar time. 
[N.B. — If the earth rotated about its axis in the opposite direc- 
tion, the solar day would be shorter than the sidereal day.] 


(5 fundamental measurements 

The Vernier.— When it is desired to determine the distance 
between two given points it is quite fortuitous if that distance 
hapTens to be an exact multiple of the unit of length used ; in 
general there will remain a fraction of a umt for which the rela- 
fively coarse divisions on the scale cannot account This smafl 

raclin is determined with the aid of a 

of wliich may be learned from the following . Let AB, Fig. ( ), 
beriine 9 cm. in length, and let AC and BD be two paraUel hnes 
each 10 cm. long. By dividing these two parnUel hnes into ten 
equal parte and joining corresponding points by straight hnes the 
line AB is divided into ten equal divisions. This constitutes the 
vernier scale. Suppose now that the one extremity of a body 
being measured Ues somewhere between the di^sions marked 41 
and 42 on the main scale. To locate the position of the end of 
the body more exactly the vernier scale is placed ^th ite zero 
end in contact with the extremity of the object, when it is observed 



that the sixth division on the vernier scale coincides with a 
division on the principal scnlo-cf. Fig. 1 -3 (6). Since each division 
on the vernier is onc-tenth of nine divisions on the principal scale, 
i.o. in this particular instance one-tenth of 0 cm., and therefore 
0-9 cm., it follows that the differeiice between one division on the 
luinciiial scale and one on the vernier is one-tenth of one division on 
the principal scale, i.e., 01 cm. on the vernier constructed above. 
Hoiico tho (liftcrenco between six sealo divisions and six venuer 
divisions is 6 X 01 cm., so that tho required reading is 41-0 cm. 

In actual practice this method of constructing a vernier is alwa^ 
applied to tho smallest divisions on tho principal scale, i.e. one hnds 
that the vernier is generally 9 ram. long, so that each division on 
it, if it is divided into tenths, is 0-9 mm. = 0-09 cm. The difference 
between one division on each of tho two scales is then 0*01 om. 
When greater accuracy is required, nineteen small divisions on tne 
principal scale are divided into twenty parts so that the difference 
between one small division on it and one on the vernier is one- 
twentieth of a small division on tho principal scale. 





7 


LENGTH, ANGLE, TIME AND MASS 

Slide Callipers. — As an actual example of the use of a vernier 
to determine tenths of a millimetre reference may he made to 
a pair of slide callipers, Fig. 14. Q is the main scale, graduated 
in cm. and mm., while the vernier V is attached to a movable jaw 
B. The jaws A and B are perpendicular to the scale Q ; the body 
P whose length is required is inserted between these jaws. When 
the jaws are closed the zeros of the scale on Q and the vernier V 
should coincide, whilst when 
the jaws are open the posi- 
tion of the vernier zero 
gives, on Q, the perpendic- 
ular distance between the 
jaws. In this particular 
instance, 10 vernier divisions 
are equivalent to nine small 
scale divisions, i.e. to 9 mm., 
so that each vernier division 
is equal to 0-9 mm. Now 
the difference between one small division on the principal scale and 
one division on the vernier is [01 — 0-9 (0*1)] cm,. = {01 — 0*09) cm. 
= 0-01 cm. From the figure it is seen that the diameter of the 
object P is between 7 mm. and 8 mm., and that the seventh 
division on the vernier coincides with a division on Q ; hence the 
small fractional part which is required is the difference between 
7 small scale divisions and 7 vernier divisions. This difference is 
seven times the difference between 1 principal scale division and 
1 vernier division, viz. 7 X O'Ol cm. = 0-07 cm. The length of the 
object is, therefore, 0*7 -f 0-07 = 0-77 cm. 

The Micrometer Screw. — ^The micrometer screw gauge is 
another device for measuring small distances accurately. A linear 
scale in millimetres is engraved parallel to the axis of a cylindrical 


K 


Fio. 1-5. — Micrometer Screw Gauge. 

tube A, Fig. 1‘6, this latter carrying a curved arm BC. Inside the 
tube A moves an accurate screw S, the pitch of which is 0*5 mm. 
—the pitch of a screw is equal to the length through which 
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tlie screw moves when it is rotated once about its axis. TWs 
movement is obtained by rotating the 

also causes the collar K to turn around its own ^lus The 
bevelled end of K is divided into 50 equal divisions, so that a 
rotation of K through one division corresponds to a movement of 


/ 1x0-5^ mm. = 0-01 mm., these divisions being used for inter- 

polating the distance between the mm. divisions on A. The ex- 
tremity of S and the face of C are perpendicular to the axis of 
the screw ; between these two jaws the object to be measured is 
placed. When these jaws are in contact the zero on the bevelled 
edge should coincide with the zero on the mm. scale; before 
using the instrument this point should always be tested, and if 
the instrument has a zero error the corresponding oorr^tion 
. must be appUed. The head H is arranged so that when the jaws 
of C and S are in contact, either with each other or some ^jeot, 
a further rotation of H fails to impart any movement to K. 

Screws. — The micrometer screw gauge just described is an 
example of the use which is often made of an accurately cut screw. 
The threads of screws are generally triangular or square in section 
as in Fig. 1*6 (a) and (c). Perhaps the most important thread used 
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Fia. 1*C. — Screws. 


by engineers is the Whitworth V thread in which the angle of 
the thread is 55 degrees— cf. Fig. 1-7. In nil screws the distance 
through which the screw advances when it makes one complete 
revolution is called the pitch of the screw. In diagrams screws 

are conventionally represented as in Fig. 1*6 (6). 

Back-lash. — Screws may be used to impart a translatory motion 

^ Tho words correc//on ami error aro somotimos used as if they were 
synonymous. This is not so, it being profornblo to define the correction 
as the quantity which must bo added algebraically to the observed reodmg 
in order to obtain tho true reading. The error is then equal to the negative 
value of tho correction. Thus if a thermometer reads — 0*6® C. when in 
molting ice, tho tomporaturo of which is defined os 0®C,, then the correc- 
tion is + 0-6* C. and the error — 0-6® C. 
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to a nut in which they work, and the amount of rotary motion 
which can be imparted to a screw without causing any movement 
of the nut is known as hack-lash. It is sometimes due to wear 
or to imperfections in the manufacture. Very often, however, 
especially if the screw is intended for precision work, a certain 
amount of back-lash is allowed when the screw is being cut. 
The reason for this is that if an attempt is made to make the 
screw and nut fit exactly then the fit is soon destroyed by wear 
owing to the somewhat large forces operating upon screw threads. 



It is therefore better to design the screw so that only one of 
its faces is in contact with the nut — in this way the wear is 
reduced to a minimum. When using screws for the purpose of 
estimating small distances, care must always be taken to turn 
the screw in one direction through a relatively large distance 
when setting the screw before an observation. Fig. L6 (d) will 
perhaps help to make these remarks more clear. 

The Travelling or Vernier Microscope. — In order to measure 
short vertical or horizontal distances, a vernier microscope is fre- 
quently used. A precision form of this instrument is shown in 
Fig. L8. It consists of a microscope, M, clamped to a tube, A, 
supported in a rigid jframe, B. When the microscope is thus 
clamped, a maximum displacement of 4 cm. may be imparted to 
it by means of a screw, S, operated by the milled head, H. The 
amoimt of this displacement is measured by a horizontal scale, D, 
which gives the complete number of revolutions of the milled head, 
the fractional part of a rotation being given by the divisions on the 
wheel, F, attached to the screw. The microscope may, however, 
be clamped in position at any point along the tube so that longer 
distances are measured by a succession of smaller displacements of 
the microscope. The microscope is fitted with an achromatic 
objective and eye-piece with cross-wires. The object under 
examination is supported on a small sliding table, resting upon 
geometric clamps, and provided with aligning adjustments operated 
by screws. A steel spring placed inside the tube, A, and attached 
to the stud, K (fixed to the stand, B), and to the end, L, of the tube, 
so that the spring is stretched, keeps the end, N, of the tube, A, in 
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contact with the extremity of the screw, S. [men the instroment 
is to be used to measure vertical distances, .t is provided with a 
tripod base with levelling screws, so that the microscope may be 

‘Tn ord'erTJ meliurl with the aid of this instrument the diameter 
of a brass lUsc, for example, the eye-piece is first adjusted so that 
the cross-wires can be seen clearly— when this adjustment h^ 
been performed the eye-piece must not bo disturbed again. The 
microscope is tlien raised or lowered by the rack and pimon, B, 
until the details in the object are visible. This having been done, 
the microscope is moved either horizontaUy or vertically until 
the image of the edge of the disc coincides with tho cross-wue in 
the eye-piece, tho microscope being adjusted so that there is no 
parallax. Tho appropriate scale is then read, and the microscope 



Fio. 1*8. — Travelling or Vomior Microscope 


afterwards moved so that the other extremity of the object coin- 
cides apparently ^vith tho cross-wire. Tho difference in the read- 
ings on tho scale gives the diameter recj^uii’ed. 

Whenever it is necessary to determine the diameter of a circular 
object it is always advisable to measure two diameters in directioiw 
at right angles to each other. If tho body has a cross-section which 
is slightly elliptical its mean diameter is the mean of any two 
diameters at right angles to one another, for it may be shown 
that tho mean of any two mutually perpendicular diameters of an 
ellipse which is almost a circle is a constant for any given such 
ellipse. 

Experiment. — Tho following exorcise, which is to dotormino the 
number of contimotres equivalent to one inch, provides a means of 
becoming familiar with tho use of a travelling microscope and illustrate 
also how to obtain a moon value from a series of observations. A 
stool scale graduated in inches and tenths of on inch is attached to 
tho bod of tho microscope and tho microscope focussed on on imago of 
one of tho dividing linos on tho inch scale, tho eyepiece having pre- 
viously boon adjusted so that tho cross-wires in the microscope are 
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clearly seen. The microscope is arranged so that there is no parallax 
between the cross-wires and the image of the particular dividing line 
which is being observed. The reading on the centimetre scale attached 
to the microscope is noted. The next dividing line is then obser\^ed 
and a similar reading obtained. The process is continued until about 
ten observations have been obtained. The fractional part of a centi- 
metre corresponding to one-tenth of an inch may bo found as follows. 
Let us suppose that when the microscope is moved by successive 
increments (tenths of an inch), the corresponding readings on the 
scale of the travelling microscope are a^, a^, 03 , . . . Ojo (say). How 
are we to obtain arithmetically the best value for the shift of the 
microscope corresponding to 0-1 inch ? If wo deduce (Oj — a{), 
(cj — Oa), etc., and then calculate the mean of these quantities wo only 
utilize the first and lost observations, for 

(Oa ~ Cl) + (Os — Uj) -f . . . 4- (Ojo — Oj) = (Ujo ~ ^i)‘ 

This may be avoided by calculating 

(Uj — Oj), {d-j — flj), . . • (®10 ®b)' 

The mean of these quantities, viz., 

+ O7 + * • • **10) “ 4" ^*2 + • • • Os)] 

then gives the average length in centimetres equivalent to 0-5 inch, 
and we notice that the calculation involves each reading once, and 
once only. 

The Spherometer. — This instrument, which was specially 
designed for determining the radii of curvature of spherical sur- 
faces, is shown in Fig. 1-9 (a). The circumference of the screw 
head H is divided into 100 equal divisions ; the pitch of the screw is 
0*5 mm., so that each division corresponds to 0-005 mm. The 
scale S gives the number of complete revolutions which the head 
makes. The points of the legs A, B, C are all in one plane and 
form an equilateral triangle. To set the instrument when, for 
example, the radius of curvature of a convex surface is being deter- 
mined, it is placed on a sheet of glass and the screw-head, H, 
turned until D, the central leg of the instrument, is a little lower 
than A, B and C, Fig. 1*9 (6) ; if the instrument is tapped gently 
it rocks about an axis passing through the points of contact with 
the surface of D and of one of the fixed legs. The screw-head N 
is moved until this rocking ceases — the points A, B, C and D are 
then all in one plane. In estimating the position where the rocking 
just ceases, rotate the head through five divisions at a time when 
the position is being approached. Do this until the rocking ceases. 
Then, having rotated the head back through several divisions to 
avoid errors due to backdash when the screw is advanced, turn the 
head in the initial direction through one division. Test for rocking 
on each occasion and proceed until the exact position of no rocking 
is located between two successive readings of the position of the 
head H. H is then raised until, when the spherometer is placed 
on the spherical surface, the instrument just ceases to rock. The 
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difference in the readings gives the height through which the screw 
D has been moved— let this be A. Let a be the ^stance between 
the outer legs and D when all four legs have their extremities in 

one plane. Then in Fig. 1*8 (c) 

OA2 = AD2 + OD^ 

i.e. R2 = + (R - h)^ = R® — 2R;^ 

a2 A 

If .$ is the distance AC, s = aV^, so that 




Fio. l-O. — Tlio Sphoromotor. 


In using this instrument it is convenient to obtain first a reading 
with the central leg in the lowest position which it will occupy in 
any experiment, for, unless this procedure is adopted, the fractional 
parts are (1 — the reading on H) ; this tends to bo confusing. 
The head is then rotated so that the screw D moves upward. The 
number of complete revolutions made by this head is best deter- 
mined by counting, since it is not always easy to locate the position 
of the pcripliery of H on the vertical scale S. The fractional part 
of a rotation is determined in the usual way. 
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Example . — In determining the thickness of a piece of glass with a 
spherometer the pitch of whose screw is 0-5 mm., the readings were 
(i) 0*47 mm ., (ii) three complete turns and a fractional part 0-25 mm. 

Thickness = [(3 x 0-6) + 0-25] — 0-47 mm. = 1-28 mm. 

Circular Verniers. — When it is essential to measure angles 
with an accuracy greater than that obtainable with a protractor, 
use is made of a circular vernier. The actual vernier found on 
any particular instrument will depend upon the smallness of the 
divisions on the main scale. As an example let us assume that 
this scale reads directly to half a degree. If the ultimate aim is 
to measure an angle correct to one minute the following procedure 
may be adopted. Twenty-nine divisions on the main scale are 
divided into thirty equal small divisions, so that the difference 
between one scale and one vernier division is one-thirtieth of 
half a degree, i.e. one minute. Hence if the 12th division on the 
vernier coincides with a division on the main scale, the fraction 
of a degree to be added to the reading of the main scale is 1 2 
minutes. [Note that the main scale is divided into half-degree 
divisions.] 

Indirect Methods of Measuring very great Distances. — 
Hitherto only direct methods of measuring a length, i.e. methods 
involving the repeated application of a standard or sub-standard 
rod of Imown length, have been mentioned. Let us see whether 
it is legitimate to apply indirect methods to measure lengths, such 
as the distance between two mountain peaks or that between the 
earth and a heavenly body. In these indirect methods a base line 
is selected — it may be the diameter of the earth’s orbit — and 
various angles are measured.^ The required distance is then calcu- 
lated by means of some trigonometrical formula. In this method 
certain light rays are identified with 
straight lines de fining the sides of a 
triangle : but this is an assumption, 
finally to be tested experimentally. It 
is now known that for terrestrial dis- 
tances the assumption is justified, but 
in an astronomical survey involving 
immense distances certain corrections 
have to be applied. These remarks 
are made here -in order to show that 
there may be inherent difficulties 
when indirect methods are used to 

determine an apparently simple physical quantity such as a 
length. 

The equation y = u + hJ?.— Let PL, Fig. MO, be a straight 
line making an intercept of length a on the axis OY. Let P be any 


P(xu> 
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point (.r, .V.) on this line. Draw PM perpendicular to OX and LN 

parallel to OX. Then 

y = PM -= PN + NM 
= PN + OL 

= ?g.LN + OL 


If we call — — 6, this equation becomes 

y ^ a bx. 

Any equation of this typo therefore represents a straight line, i.e. 
it is a linear equatiorp between the variables x and y ; if an 
equation contains powers of a- it may be said at once that it is 
the equation to some form of curve. The constant b in the 
above equation measures the slope of the line. 

The Graphical Determination of Laws.— Whenever possible 
the results of an experiment should bo shown graphically and if 

the results happen to lie on a straight 
line its equation determined. The 
constants in such an equation will 
often convey useful information to 
us. Moreover, if all except one or 
two of the points lie on a straight 
line, then such a graph tells us what 
observations should be repeated, for 
they are most likely to be in error. 
If the points do not lie on such a 
line, a fact which is best revealed by 
stretching a piece of black cotton 
across the paper, it may bo advan- 
tageous to plot the logarithms of one or both of the quantities 
involved. The method of attack in such an instance may be 
gathered from tlie following example. 



Example. The following numbers were obtained in a certain 
luboratoiy experiment. 


Q ! 

3-84 1 

1 

6-43 

6-80 

7*66 

1 9-82 ) 

P 

113 

1-42 

IGC 

1-80 

2-11 1 


Discover the law connecting Q and P. 

The graph obtained by plotting Q, os ordinate, against P is not 
a straight lino. If, however, log Q is plotted against log P, as in 
Fig. I'll, it is apparent that these two quantities are related to each 
other by a linear law. The intercept on OY is 0*60, while the slope 
is 1-51. [In measuring the slope of a line always choose two points 
on the lino os for apart as possible — shown 0.] If we call log P « 
and log Q = y, the equation to the lino is y « 0*60 + l’61x, i.e. 
log Q = 0*60 + 1‘61 log P. 
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The relationship between Q and P is therefore 

Q = 

or Q = 3-18Pi". 

The Measurement of Mass. — The mass of a body is usually 
found by comparing that body with a set of standard masses, 
invariably referred to as a ‘ box of weights.' The comparison is 
carried out by means of a balance, which is really an equi-arm 
lever poised about a fulcrum. The masses to be compared are 
placed in pans which are suspended on knife-edges from the ex- 
tremities of the beam. The accuracy of the balance depends, to 
a large extent, upon the design of the beam, which must be light 
but rigid. It must be light in mass if the sensitivity of the balance 
is to be high, and yet sufficiently rigid that its shape is not deformed 
under the greatest load for which the balance has been designed. 
The knife-edges are usually made of agate, this substance being 
chosen on account of the facts that it is hard, does not tarnish, 
and may be worked until a straight edge has been obtained. 

The equality of the masses is ascertained by observing the 
deflections of a long vertical pointer perpendicular to the beam. 
When this pointer swings through the same distance on either side 
of its zero position, then the two masses in the pans are equal. 
The balance is protected in a glass case and the humidity of the 
atmosphere inside the case is greatly minimized by the use of 
concentrated sulphuric acid or solid calcium chloride contained in 
a glass receptacle. When the balance is not in use the beam and 
pans are not free to move, the beam being raised so that there 
is no permanent load on the knife-edges, whilst the pans rest on 
supports, all these conditions being obtained by the rotation of a 
small handle or wheel, which is outside the balance case. 

Measurement of Time. — ^Tbe evolution of watches and clocks 
is a result of man’s desire to divide the mean solar day into smaller 
intervals of time. Most clocks depend upon the motion of a pen- 
dulum which, in its most simple form, consists of a heavy bob 
fixed to the end of a string, the other end being attached to some 
definite point. If the size of the bob is small compared with the 
length, I (cm.), of the string, then the time, T (sec.), of a complete 
swing, i.e. the time which elapses between the successive transits 
of the bob in the same direction past some fixed point or line, is 
given by the equation [cf. p. 38] 

T . 2. 

where g is the intensity of gravity [981 cm. sec."^ in England], 
This equation enables the length of a seconds pendulum to be found. 



10 


FUNDAMKNTAL MEASUREMENTS 


this being the special pendulum makmg half a complete swing each 
second so that T - 2 sec. Its length is given by 


'V-a 

/ = -5-? = 99-3 cm. 

4.T- 


Errors of Observation. — In this introductory chapter some 
remarks should bo made concerning the accuracy of one’s 
experimental results. The instruments available for determining 
the quantity in question should be critically examined to see 
what accuracy they can give, and care must be exorcised to see 
that the final result recorded does not express an accuracy beyond 
the limits wliich the instruments can give. Suppose, for example, 
that the dimensions of a rectangular piece of wood are found by 
one student to bo 3-96 cm. X 4-72 cm. X 1-74 cm. He may state 
that the volume is 32-522G88 cm^. Is this result justifiable ? I^t 
us suppose that a second student measures the same block with 
the same pair of callipers. His observations are 3*98 cm., 4*75 
cm., and 1-71 cm. respectively. If ho proceeds to calculate the 
volume as the first student did, i.e. without thinking what he is 
doing, ho will obtain 32-327550 cm.^ Why the difference I It is 
simply because their observations, just hko all other observations, 
are subject to error so that they were not justified in stating any- 
thing more than 32-5 cm.s and 32-3 cm.^ respectively. 

It must bo emphasized that when the first student assorts that the 
volume is 32-5 cm.®, ho implies that his result is accurate to within 
0-1 cm.®, i.e. the error is ± 0-1 cm.® If, for example, there wore 
reason to suppose that the error were i 0*4 cm.®, lie shoidd indicate 

it by writing the result ns (32-5 cm.® 

These few remarks may bo further exemplified by extracts from 
the writings of a correspondent to The Tiine^j 22 February, 1928. 
A few days before the result of a speed record had been quoted os 
206-95602 m.p.h., a figure which implies that the speed was more 
than 206-95601 and loss than 206-95603 m.p.h. If it does not. then 
the last figure has no meaning. To use this figure means that the 
error in the observations did not exceed ono part in 20,695,602 ; 
thus, if the speed were measured over a distance of ono mile exactly, 
then the timing gear gave results accurate to within one-millionth 
of a second. If, on the other hand, the tiining gear was absolutely 
accurate, the distance of ono mile must have been accurate to one 
three-hundredth of an inch. The correspondent ends by saying 
that a round figure of 207 m.p.h. is about the utmost that the 
actual measurements are likely to justify. 

Errors due to Parallax. — The accuracy of the observations, 
for example, of the positions of the two points, whose distance 
apart is required, made with an ordinary scale graduated in cm. and 
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mm. is limited by the fact that the graduation marks have a 
finite thickness and because the eye cannot estimate accurately 
differences of length less than 0*1 mm. The error introduced 
in the measurement of a length in this way is likely to be at 
least 0*2 mm. Frequently, however, the observations may be 
much less accurate un- 
less precautions have been 
taken to eliminate ‘ errors 
due to parallax ’ — i.e. to 
the apparent change in 
the position of an object 
with reference to some 
fixed object due to a 
change in the position of 
the observer. Such errors 
arise in the present in- 
stance if the scale is used 
as in Fig. 1*12 (o) owing 
to the thickness of the 
bar on which the scale is 

engraved. Thus, with the eye at Ei, the position of A appears to 
be 9*1 cm. ; from Ej it is 9-2 cm., etc. To eliminate such errors 
the graduated edge of the scale should be placed in contact with 
the points between which the distance is to be measured cf. 
Fig. 1-12 (6). 
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Fio. l*12.-^Error8 due to Parallax. 


EXAMPLES I 

1. — Calculate the circular measure of an angle of 47°. By means 
of a diagram calculate its sine, cosine, and tangent. What is the 
angle whose circular measure is unity T 

2. — Describe a vernier and its use on a pair of callipers. 

3. — Describe, with the aid of a diagram, a micrometer screw gauge. 

4. — If the diameter of the earth were increased by 1 ft., calculate 
the increase in its circumference. 

5 —Calculate the length of a simple pendulum which will beat 
half -seconds. 

6. — Criticize the following : A rectangular block measures 7-16 cm. 
X 6*73 cm. X 4-06 cm. Its volume is therefore 195 1665 cm.* 

7. — Discuss the advantages of representing a series of observations 
by means of a graph. How would you plot a series of observations 
of the time taken by a trolley to travel different distances down an 
inclined plane, so as to bring out the law involved as clearly as 
possible ? 

8. — Describe a spherometer and deduce the formula necessary when 
using this instrument to determine the radius of curvature of a 
spherical surface. 
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THE ELEMENTS OF DYNAMICS 


Mechanics. — The science of mechanics deals with the properties 
of bodies, and it is usually studied under the headings, or sections, 
called Dynamics, Statics and Hydromechanics. The firat 
branch, viz. Dynamics, deals with bodies which are in motion 
relative to their surroundings ; the second, viz. Statics, concerns 
bodies at rest, whilst Hydromechanics is the science of liquids. 
This latter subject is again subdivided into ' Hydrostatics and 
Hydrodynamics , the former section dealing with liquids at rest 
whilst in Hydrodynamics the motion of liquids is studied. 

The Material Particle.— At this stage, perhaps, reference ought 
to be made to the size of the objects wo discuss in an elenaentary 
treatment of the subject of dynamics. The equations which are 
deduced only apply to a body which is so small that it may be 
regarded as a mathematical point — such a body is known as a 
material particle. If the body is not small, attention must be 
paid to the fact that it is capable of rotation and therefore pos- 
sesses energy due to rotation. A material particle may therefore 
be defined as a body wliich is so small that its energy of rotation 
may always bo neglected. 


Motion in a Straight Link 

Displacement. — The motion of a body is only detected by 

observing its position 
with reference to its 
surroundings. If the 
position of the body 
changes with reference 
to its surroundings, 
then that body is said 
to be undergoing a dis- 

Pjq 21. placement. Thus, if 

at some initial time, a 
body — here represented by a point — is in the position 0 ,Fig, 2*l(a), 
and later on it is at A, then the body has been displaced, and the 

IS 
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displacement is expressed by the length and direction of OA. At 
some later period in its history the body may be at B, so that its 
further displacement is AB, whilst the actual displacement from the 
origin is OB. The idea of displacement must always convey that 
of direction as well as that of magnitude. Thus, if 0, Fig. 2*1 (6), 
is the original position of a body, whilst P, Q, R, etc., points on 
the circumference of a circle whose centre is O, are its subsequent 
positions, then the magnitude of the displacement is fixed but the 
direction is variable. 

Sense of Direction. — Every displacement has magnitude 
and direction ; they all have ‘ sense ‘ too ; for example, a body 
may be displaced from 0 to A, or from A to 0. The sense of the 
direction is opposite in these two instances, the sense of the 
displacement being indicated in a diagram by the use of small 
arrow-heads. 

Representation of Displacement. — A displacement is repre- 
sented on a drawing by a straight line whose direction and sense 
are that of the displacement and whose length is proportional 
to the magnitude of the displacement. Any quantity which 
can be represented in magnitude, direction, and sense, is called a 
vector* Other quantities are scalars. Velocity, force, magnetic 
intensity, etc., are vectors, while potential, energy, money, etc., 
are scalars. 

Relative Displacement and Rest. — If two trains are moving 
in the same sense along parallel tracks, a passenger in one of the 
trains may observe the following facts : — If he is travelling in the 
faster train, the other train will appear to him as if it were reced- 
ing, whilst if he is in the train which is moving less rapidly, he 
will observe a forward motion of the faster train. Relative dis- 
placement is defined as the displacement of one body with respect 
to another. In fact all displacements must of necessity be relative 
ones, although we are accustomed to think of absolute displace- 
ment because our idea of rest is generally associated with non- 
moving bodies on the surface of the earth. Actually the earth is 
moving on its own axis, round the sun and through space, so that 
when it is said that a body is at rest, the statement is only intended 
to convey the fact that its displacement, with respect to its sur- 
roundings [generally on the surface^ of the earth], is zero. 

The Composition of Displacements. — In order to fix our 
ideas let us consider the displacement of a marble which rolls across 
the floor of a moving carriage. Let PQRS, Fig. 2*2, be the carriage, 
while O is the initial position of the marble. Let us further assume 
that in the time required for the marble to travel from O to B 
the point in the carriage corresponding to 0 has moved to A, i.e. 
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A occupies the same position relative to the toal position ^ 
of the carriage as O did with respect to the imtial portion PC^S. 
If C is the point corresponding to B, it follows that C is the final 
position of the particle and that the actual displacement is com- 
pletely represented by OC. We say that it represents the actual 
displacement, but it must be understood that this 
existence of a reference body absolutely at rest. Such a body is 
unknown. The result just obtained is a particular instance of a 
general theorem— we refer to the parallelogram law of vectors 
which may be stated as foUows -.—Two vectors of the same 
type may be added together by constructing a parallelogram 



Fio. 2‘2. — The Composition of Displacements (Vootore), 

the adjacent sides of which are proportional to the vectors. 
The diagonal drawn through the point of intersection of 
these two sides represents the resultant of these two vectors 
completely. Thus OC, Fig. 2-2, is the resultant of the two like 
vectors OA and OB. The vectors OA and OB are said to have 
been added veotorially. 

The magnitude of the resultant is easily found, for if CD is drawn 
perpendicular to OA to meet OA produced in D, then 

OC=“ == OD* + CD* ['/ ODC = 90°] 

== (OA -f AD)® + CD* 

= OA* 4- (AD® 4- CD*) 4- 2 . OA . AD 
= OA* 4- AC* 4- 2 . OA . AC cos 0 
== OA* 4- OB* 4- 2 . OA . OB . cos 0. 

where 0 is the AOB. 

Speed. — The idea of speed is obtained by associating the con- 
ception of time with that of displacement. If, for example, a ship 
goes from one port to another in one day, while another occupies 
two days for the same journey, then the speed of the former vessel 
is twice that of the second. The speeds which are referred to here 
are average values of the speeds of the vessels, because the vessel 
starts from rest and comes to rest at some other point, so that 
its actual speed at some times will have been lees than its average 
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speed, whilst at others it will have been greater. The average 
speed of a body is given by the expression 

distance traversed 
time occupied in so doing’ 

[Care must be taken to avoid such expressions as ‘ the speed 
of the ship was 22 knots per hour,’ since knot is a nautical term 
used to imply a speed of one sea-mile per hour. A sea-niile is 
intended to be such a distance on the earth’s surface that an angle 
of one minute is subtended by that arc at the earth’s centre. The 
British Admiralty takes this to be 6020 feet.] 

Velocity . — When a body moves in a definite direction the speed 
of the body in that direction is called its velocity. It is important 
to remember that velocity always implies speed in a fixed 
direction. 

Uniform Velocity. The term uniform velocity is used to 
convey the idea that the distance traversed in any small interval 
of time is the same for all such intervals, however small the interval 
of time may be. Thus, if a body moves in a given direction 20 ft. 
in 5 secs, it is not justifiable to say that its velocity is uniform, 
for it is conceivable that if the position of the moving object had 
been observed at the end of every second, say, then the displace- 
ments in those seconds may have been found, for example, to be 
3, 6, 6, 4 and 2 ft. respectively. The velocity (strictly, the mean 
velocity) in the first second is 3 ft. sec.“^ ; in the second second 
6 ft. sec."^ ; in the third second it is 6 ft. sec.“*, etc., whilst the 
average velocity over the interval is 4 ft. sec.“^ But if the velocity 
had been uniform and the body had been displaced 20 ft. in 
, 5 secs., then in 1 sec. the displacement would have been 4 ft. ; in 
0*6 sec. 2 ft. ; in 0*26 sec. 1 ft., etc. 

Velocity-time Curve or Graph. — Suppose that a particle has 
an initial velocity of 2 ft. sec."^ and that at the ends of the first 
3 sec. of its motion its velocity is 3*4, 4*0 and 4*2 ft. sec."^ 
respectively. Its motion can be shown graphically as follows : 
axes OX and OY are chosen at right angles to each other ; one 
division along OX representing 1 sec., while one division along 
OY represents a velocity of 1 ft. sec.“^ — cf. Fig. 2-3 (o). The 
point A indicates the initial velocity, while the points B, 0 and 
D indicate the subsequent velocities of the body. Now the points 
A, B, C and D can be joined together either by short straight lines 
[shown dotted] or, since it is legitimate to presume that the velocity 
of the body does not change abruptly but continuously, they may 
be joined together by means of a smooth curve. This smooth 
curve is called the velocity-time curve. 

It is now necessary for the significance of the area under this 


average speed 
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curve, i.e. the area OABCDRQP, to be found and its mca^g 
interpreted. Since velocity means displacement umt time, 

the statement that the uniform velocity of a body is 10 ft. sec. 
implies that the distances traversed in 1, 2, 3 and 4 secs of ite 
motion will be 10, 20, 30 and 40 ft. respectively. In Fig 2-3 (6) 
the velocity-time curve for such a motion has been constoucted ; 
this curve will be the straight Une AE, because the velocity is 
constant. Now an area of 1 sq. unit represents a distance traversed 
of 5 ft., because the unit length jiarallel to OX represents 1 sec. and 



the unit length parallel to OY represents a velocity of 5 ft. sec. , 
so that the area OABP indicates a distance traversed of 10 ft., since 
OABP is 2 sq. units in area. The eompletc rectangle has an area ot 
8 sq. units, so tliat the distance traversed in 4 sec. is 8 X 5 == 40 ft., 
a value which agrees with that obtained from the dehnition of 

velocity [cf. p. 21]. 

Now when the area under the curve is an irregular one, as in 
Fig. 2-3 (a), it is still true that this area represents the distance 
through which the body has moved. In this particular example 
the area is 10-51 sq. units, and since 1 sq. unit represents a distance 
traversed equal to 1 ft., the actual distance traversed is 10-61 ft. 

Algebraic Formula for Distance Traversed.— If the velocity 
of a body is uniform and equal to u ft. sec.”*, the velocity-time 
curve will be a straight lino parallel to the time-axis. If unit 
distance along the axis OX represents 1 sec. and unit distance along 
OY represents unit velocity, after t sec. the area of the velocity- 
time curve will be tU units of area, so that 5, the distance traversed 
is ut, because unit area represents unit distance, 
i.e. a = vt. 

Acceleration and Retardation. — Omsidor the velocity-time 
curve obtained from the following observations : — 
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Time in seconds 

0 

1 

2 

3 

4 ! 

6 

1 

Velocity in ft. see.”' 

40 

4-6 

6-0 

1 

6-6 

60 

1 

i 6-6 



7 2 3 4. 

Time, in seconds 


5 X 


Fio. 2*4. — Velocity -time Curve 
for "Dniformly Accelerated 
Motion. 


The graph is shown in Fig. 2*4, and it is at once apparent that the 
* curve * is a straight line, i.e. it is 
linear. Whenever the velocity-time 
graph is linear, the motion is said 
to have been uniformly acceler- 
ated if the velocity has been increas- 
ing, and uniformly retarded if the 
velocity has been diminishing. 

These terms indicate that the velo- 
city has been increased or diminished 
by equal amounts in equal Intervals 
of time. 

Definition. — Acceleration, i.e, 
the rate of change of velocity, 
is said to be uniform when the 
velocity increases by equal 
amounts in equal intervals of 
time, however small those inter- 
vals may be, 

A glance at the above table shows that the change in velocity 
is 0-6 ft. per sec. every second ; or, as it is more usually written 
0-5 ft. per sec. per sec., or 0-5 ft. sec."*. 

When the velocity-time curve is not a straight line the velocity 
do^s not increase by equal amounts in equal intervals of time ; i.e. 
the acceleration is non-uniform. The acceleration at any particu- 
lar instant may be determined as follows. Let P and Q, Fig. 2*3 (c)» 
be two neighbouring points on a velocity-time curve LM. Draw 
PA and QB parallel to OY, and PC parallel to OX. Then PC and 
CQ represent small increments in the time and velocity respectively : 
we denote them by dt and di;. Since these two quantities are 

small their ratio ^ is the mean acceleration of the moving particle 

during the interval of time when its motion is represented by P 
and Q. As the points P and Q move toward one another, the 

. 

remains finite and approaches a limiting value which is 

the acceleration of the particle at P. This limit is denoted by 
dv 

or V, and measures the slope of the tangent to the curve at 
P. Thus, to determine the acceleration at a given time, the tangent 


ratio 
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at the corresponding point on the velocity-time curve must be 
drawn. Its slope gives the acceleration required. In general, 
it is difhcult to draw a tangent accurately , so that to obtain the 
acceleration at any instant we must measure the slope [accelera- 
tionl of the curve at several points and construct a curve show^g 
the relation between the slope and the time. When this curve has 
been drawn the acceleration at any instant may be read off at once 
and the value obtained will bo more reliable than that found by 
drawing the tangent at the point in question, since several tangents 
have been drawn in constructing the final curve. 

Angular Velocity and Angular Acceleration.— When a 
particle, P, is rotating in a plane about a fixed point O the rate at 
which the angle between OP and a fixed hue OX changes is termed 
the angular velocity of the point P. It is generally denoted by 
the symbol e>. The rate of change of the angular velocity is called 

the angular acceleration, (a), i.c. a = co. 


ALGEBIIAIO FOEMULiE FOR UNIFORMLY ACCELERATED MOTION 

To find the Velocity after a Given Time. — Let it be the initial 
velocity, a the acceleration, t the time and v the final velocity of a 
moving body, all these quantities being expressed in the same 
system of units. Now a. the acceleration of the moving body, is 
the increase in velocity per unit time, so that the velocity at the 
end of the first unit time interval is u -\- a. Similarly the velocity 
at the end of the second unit interval will be (u -!-«) + «» or u 4- 2a. 
Hence, at the end of time, t, the velocity will have increased by 
an amount at, so that the actual velocity which has already been 
called V is then u -|- at. 


w = « 4- ai- 

To find the Space Traversed in a Given Time Interval.— If 

the motion of the particle is re- 



Fio. 2*5. — Velocity-time Curve 
for Uniformly Accelerated 
Motion. 


presented by the symbols used in 
the last paragraph, the velooity- 
timo graph is easily constructed ; 
since the acceleration is uniform, 
we know from the definition of 
such an acceleration that the 
graph must be a straight lino. 
This is represented by AB in 
Fig. 2*5. If BC is drawn perpen- 
dicular to the axis OX the area 
OABC represents the space 
traversed in time OC = i. 



ELEMENTS OF DYNAMICS 


20 


Now area OABC = rect. OADC + A ABD 

= OG . CD + JAD . DB 
= ut Joi* 

and this is s ; consequently 8 — ut iai^. 

The two equations which we have proved can be combined 
to form a new one. We" have 

v* = (u 4" flO* 

~ u* 2a{ut 4- Jai*) 

= w* 4" 2a«. 

Motion under Gravity. — When a body moves either towards 
or from the surface of the earth it is said to be moving under the in- 
fluence of gravity. Such motions have been considered from the days 
of the Greeks, foremost among whom was Amstotle, who taught 
that heavier bodies fell towards the earth more rapidly than lighter 
ones. The validity of this doctrine was not disputed until Gaui^o 
[1564-1642] showed that two bodies, the mass of one being ten times 
that of the other, fell together when released at the same instant. 
These experiments, which were conducted from the leaning tower 
of Pisa before the eyes of his opponents, may be said to have 
sounded the ‘ last post * over the old doctrines which were founded 
on speculation, and which, in time, have been superseded by 
teacMngs based upon experimental fact. The ideas of Galileo were 
developed by Sra Isaac Newton [1642-1727], who devised the 
so-called guinea-and-feather experiment. He allowed a guinea 
and feather to fall in air and showed that the guinea reached the 
ground first. The cause of this apparent exception to the teach- 
ings of Galileo was discovered by performing the experiment in an 
exhausted tube. Under such conditions the feather and guinea 
fell together, for there was then no resisting medium to retard 
the Motion of the feather. 

The Acceleration of Falling Bodies. — All bodies fall towards 
the earth with a constant acceleration g,^ which is equal to 
32 ft. sec."^, or 981 cm. sec.”® in these latitudes. The value of 
g varies at different places because the earth is neither a true 
sphere, nor is it homogeneous. In addition, the earth’s surface is 
not smooth, so that the variation of the intensity of gravity 
with altitude always has to be considered. 

When a body moves under the influence of gravity its motion is 
determined by the equations, 

V — u gt 
8 = Vi ±igt^ 

4 - 2gs. 

' ‘ ’ is now termed the intensity of gravity — of. p. 27. 
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The plus sigh is used for falling bodies, the negative for those which 
rise, and the distance s is considered positive when it is measured 
vertically upwards. [For bodies starting from rest, n = 0.] 

Momentum and Force. — Bodies only move relatively to their 
surroundings if they are acted upon by some external agency, and 
by experience we know that it is more difficult to move some bodies 
than others. This is because the bodies have different masses, 
where mass is defined as the quantity of matter in a body. To 
this statement must bo coupled the idea that two masses are 
equal if, when moving with equal velocities but in opposite senses, 
they are reduced to rest after a collision in which there is no 
rebound. The external agency which is capable of imparting 
motion to a body is called force. Now when a force acts on an 
object it cannot increase the mass of the body, and yet we know 
that the larger the force which acts on a body, the more difficult 
it becomes for the motion to be arrested. It is the tnomenitxm of 
the body which has been increased by the larger force, and it 
continues to be increased by .the force during such time that 
the latter is operative. The momentum I is defined as the 
product of the mass, m, of the body and its velocity v, so that 
I = mv. 

Newton’s Laws of Motion.— 

Law I. — Every body continues in Us state of rest or uniform 
motion in a straight line, unless impressed forces are acting 
upon it. 

Law II. — Change of momentum per unit time is propor- 
tional to the impressed force, and takes place in the direction 
of the straight line along which the force acts. 

Law III. — Action and reaction are always equal and oppo- 
site. 

Galileo discovered the first two laws quoted above towards the 
end of the sixteenth century, whilst the third was known to Hookk, 
Huyouens and Wren. The three laws wore formally stated by 
Newton in his Principia in 1086. 

A formal proof, analytical or experimental of these laws is not 
possible, but on them is based the whole system of dynamics, 
including astronomy. Since the rcsidts obtained and the predic- 
tions made by astronomers are in good accord with facts, it becomes 
difficult to imagine that the laws on wliich their arguments finally 
depend are erroneous. 

Force. — Newton’s second law provides us with a means of 
measuring forces. The proportionalitj^ implied in the law may 
bo made into equality by an appropriate choice of units. If the 
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velocity of a body changes from v, to v, in time the force F is 
given by 



only when this particular choice of units has been made ; the force 
then is equal to the change of momentum per unit time. 

Units of Force. — When the mass of a body is given in pounds, 
and the acceleration in feet per second per second, the force is 
expressed in poundals. The absolute unit of force in the f.p.s. 
system is the poundal, which is defined as that force which, 
acting on a body of mass 1 lb., will impart to it an acceleration 
of 1 ft. $ec.~^. In the c.g.s. system the absolute unit of force 
is the dyne, which is that force which, acting on a mass of 
1 gm., will impart to it an acceleration of 1 cm. sec.~*. 

Mass and Weight. — Whenever a body of mass m moves under 
the influence of gravity it acquires an acceleration g. The magnitude 
of the force which causes this motion is mg, and it must be attributed 


to the attraction which the earth has for all matter. This force is 
called the weight of the body. We can therefore find the weight 
w, of a mass of 1 lb. It is uj = 1 X = 1 X 32 = 32 poundals. 
Hence a mass of 1 lb. has a weight of 32 poundals, by which state- 
ment it is to be understood that the force due to gravity on a 1-lb. 
mass is 32 poundals. 

Engineers find that the poundal is too small a unit of force for 
practical purposes and so choose one which is 32 times as large. 
This is the pound-weight unit — abbreviated to I Ib.-wt. The 
statement that a force of 6 lb. acts on a body has no meaning. 
The idea which it is intended to cpnvey is that the force is equal 
to that which is operative on a 6-lb. mass due to gravity, so 

( 6 X 32\ 

— 22 — j = 6 Ib.-wt., 

the correct statement being that a force of 6 Ib.-wt. acts on the 
body. 

Absolute and Gravitational Units of Force. — A poundal and 
a dyne are termed absolute units of force, since their values are 
independent of g, the acceleration due to gravity, a quantity which 
varies at different places, A pound- weight (1 Ib.-wt.) ahd a 
gramme-weight (1 gm.-wt.) are called gravitational units of 
force since they depend on the value of g. 

The Intensity of Gravity.— The force due to gravity acting on 
a small mass bin near to the earth’s surface is bm.g = SF (say). 

The force per unit mass is therefore ^ = g. From analogy with 
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tlie definitions of the strengths of electric nnd magnetic fields, 
g is termed the intensity of gravity, 

Newton’s Third Law of Motion. — Let us examine the state- 
ment ‘ Action and reaction are always equal and opposite ' in 
more detail. 

When a book rests on a horizontal table, the action or thrust 
of the book on the table is equal to the reaction or thrust of the 
table on the book. In this instance, the action and reaction must 
be equal and op5)03ite, for if not, motion would ensue. This example, 
dealing with bodies at rest, presents no difficulty. But Newton’s 
tliird law of motion postulates that action and reaction are 
always equal, i.e. even when the two bodies move. Newton 
considers the jjarticular instance of a horse drawing a cart, 

* If action and reaction are equal and opposite, how is it that the 
horse and cart move forward ? ’ is a question not infipcquently 
asked. 

Before attempting to solve this difficulty, which is often a very 
real one, it must bo emphasized that in attempting to solve any 
mechanical problem, the first essential thing is to fix upon the 
system whoso rest or motion is to bo discussed. The system may 
comprise one body, several bodies, or many bodies, but the system 
must be clearly defined before the solution is attempted. 

In the present problem three possibilities for discussion are 
as follows : — (i) the motion of the cart, (ii) the motion of the horse, 
and (iii) the motion of the horse and cart together. If wo begin 
with the first then we must imagine the cart to bo isolated from 
the horse and all other objects by some imaginary closed surface. 
Tho forces acting on the cart are 

(а) an attraction duo to tho earth — this is called tho weight of 
tho cart ; 

(б) an upward thrust (the resultant of the thrusts at tho points 
where tho wheels are in contact with tho ground). 

But by tho third law of motion to each of tho forces (a) 
and equal and opposite forces are exerted by tho cart on 
tho earth. These are no concern at present, however, for wo 
have agreed to discuss the motion of tho cart, and accordingly 
have isolated it and have to consider tho forces actino^ on the 

O 

cart only. 

Now tho forces (a) and (6) must bo equal and opposite, for if 
not, tho <cart would rise or fall according as tho thrust of tho 
earth on tho cart were greater or less than tho attraction of tho 
earth on it. Since there is no motion of tho cart in a vortical 
direction these forces balance, and wo do not have to consider 
thorn further. 

(c) Lot T be tho tension in tho traces. 
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{d) Let II be the force due to friction, air resistance, etc. 
T ]> R the cart will move forward, its acceleration being 



= (say) 


Then 


where Mi is the mass of the cart. 

Similarly, if the motion of the horse is discussed, we shall find 
that the external forces (not balanced) acting on him are 

(i) the tension in the traces (acting backwards), 

(ii) the horizontal component, F, of the thrust of the earth on 
the horse. 

If F > T the horse moves forward with an acceleration given by 


a. = 


F-T 

M. 


where Mj is the mass of the horse. 

Since o, =aj, the common acceleration of the horse and the 
cart is 


F-R 

Mi + M, 

If we consider the horse and cart together, the unbalanced 
forces are 3? and R, the acceleration being 

F-R 

^1 + M, 

as before. In this instance it is not necessary to consider the 
tension, since it is now only an internal reaction between two 
parts of the system ; this cannot affect the motion any more than 
do the intermolecular forces in the horse and cart themselves 


a ^ a horizontal table by 

a hght mextensible strmg passing over a smooth pulley and carrying 

~the system accoleratiof 

CoMider the forces acting on the 15 lb. mass. They are 
tica Iv 5 direction the weight (16 x 32 poundals) acting ver- 

tablef ^ “ balanced by the upward reaction of the 

ninoe^ “ J»°rizontal direction there is the tension T (poundals). 

T = 16a. 

Now consider the forces on the 1 lb. mass. 

V .• T “fu horizontal direction. 

° downwards, and 

The resultant force downwards a 

32 - T 

on a mass of 1 lb., we have 

32 - T » 1 X a. 


and since this acts 
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Solving these equations 

0 = 2 ft.sec.“* ami T = 30 poundals. 

Example . — Two masses, and (wij > m^), aro connected by a 

light string passing over a smooth pulley. Discuss the motion and find 
the tension, T, in the string. 

Lot o be the acceleration ; consider tlie muss mj. Resolving verti- 
cally, the dow^lwa^d force is m^g — T, and this acts on a mass 
Similarly, for the moss m^, the upward force is T — 

Hence 


a 



or 



- m^g 

mg 


a = 


( mt - m^)g 

m, + m- 


nnd T = 


2m 2 
7n, 4* m 


V 


Example. A cage of mass 0-6 ton is drawn up a mine sliaft by a 
ropo passing over a smootli pulley at the top. The pull is constant 
and the cage moves through a distance of 30 ft. in 6 sec. from rest. 
If tlie rmiss of the men inside tlie cage is 1-6 tons calculate the tension, 
T, in the rope and the thrust, F, on the floor of the cage. 


. , . 2a 2 X 30 • 6 , 

Acceleration = — = — tttt— — ft.sec."" 

t* 30 3 


Tlio upward pull on the cage, if T is expressed in ton.-wt., is 

(T - 2)j 7 = 2 . n. 

T = 2*10 ton.-wt. 

Consider now tlio vertical forces on the men ; there is F, the uptlu'ust 
of the floor on thorn, and their weight l-6g do\\'nwards. Hence 

(F — lj)f 7 = i! . f [F is expressed 

F = i‘68 ton.-wt. in ton.-wb.] 

Atwood’s Machine. — If an attempt bo made to determine the 
acceleration due to gravity by observing the motion of a freely 
falling body, one will soon realize that the method is not susceptible 
of any great precision since the time of fall is so short that it cannot 
be measured directly and accurately. The time of fall may be in- 
creased by diminishing the downward forces acting on the body. 
Atwood’s machine, in which this principle is involved, is shown in 
Fig. 2*6 (rt). It consists of two columns, AB and CD, supported on 
a common base fitted with levelling screws so that the instniment 
may be made vortical. The upper ends of these pillars are joined 
together by a piece of wood upon which is support^ a pulley wheel 
E carried by four other wheels — in this way the friction is reduced to 
a minimum. Two equal masses, P and Q, usually in the form of 
cylinders, are attached to a cord passing over E. The mass Q carries 
a rider of the shape shown at (6). Initially Q and its rider rest on 
a drop bridge L maintained in a horizontal position, "^yhen this 
bridge is lowered the driving force acting upon the system is 
mgt where m is the mass of the rider and g is the acceleration 
due to gravity. The load moving is (2M -f" wt 4“ k) where M is the 
mass of each cylinder and k is a term added to represent the 
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inertia of the pulley system. If the whole moves with accelera- 
tion a, then 

mg — {2M m /c)a 
or (2M + w 4- 

In order to eliminate k the experiment may be repeated using two 


other equal cylinders of mass 
M' when 

(2M' + m + K) = 


Subtracting these two equa- 
tions we have 



From this equation g can be 
calculated when a and a' are 
known. To determine the 
acceleration of a • body it is 
necessary to measure the velo- 
city at two different times. 
In the present example the 
body moves from rest, so that 
its initial velocity is zero. In 
order to find its velocity, v, at 
some other time, let us say 
when the body has moved to 
R, a ring is placed at this 
point so that the rider is auto- 
matically removed when it 
reaches this point, and the 
system continues to move with 
constant velocity. This is 
found by observing the time 
required for the system to 
move to the lower platform 



(a.) 


Fig. 2'G. — Atwood’s Machine. 


T. If 3 is the distance RT and the observed time the velocity 

IS If we assume that the acceleration over the distance LR u 
uniform 


where x = LR. 


v^ = 2aa 


_ V* _ 


I 
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A Modern Form of Atwood’s Machine. — Cusson and Johnson 
have recently designed a form of Atwood’s machine in which the method 
of timing lias been considerably improved. Tho two mosses are 
joined together by a piece of paper in tho form of a very light ribbon, 

Fig. 2-7. Tliis moves 

rTV. \ past the end of a vibrat- 

ing arm making a 
dofmito number of 
vibrations jier second. 
Tho experiment is 
carried out in exactly 
tho samo manner ns 
before, except tliat tho acceleration is now 
deduced from tho wavy trace recorded on tho 
rilibon. An example of such a trace is given 
in Fig. 2-8. It will bo noticed that tho initial 
part of tlio curve is not very distinct, but by 
proceeding in tho following manner this portion 
of tho curve can be neglected. Imagine a 
straight lino drawn parallel to tho edge of tho 
ribbon so that it passes do^vn tho centre of tho 
trace. Let A, B, and C be three points at which 
tlio wavy lino is cut by tho straiglit one and such 
that tho same number of vibrations ha.s boon made 
in tlio two intervals AB and BC. I.-ot this number 
bo ti. If the velocity of tho ribbon at A was Vq and 
tho time taken to make n complete waves L then 

Sy = VqI -h lat^ 

where Si is equal to AB, and a is tho acceler- 
ation of tho system. Similarly tho distance 
BC, is given by 

= Vit H- iai*, 

whore t*| is tho velocity nt B. Sinco this is equal 
to Vq + at, 

= t’of + at* + 

By subtraction wo havo 

«8 — 



Fia.2‘7. — Modern 
Form of At- 
wood’s Machino. 


so that a may bo cakulatod. Caro must bo taken 
to SCO that no portion of tho wavy curve used 
corresponds to the time after tho ruler has been removed, for tho 
acceleration is tlu'n zero. But this jiortion of tho curvo may bo used 
to demonstrato that tho velocity is then constant. 
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Wclander’s Apparatus for Determining ‘ g.’ — A long pendulum. 
Fig. 21), consisting of a tliin steel wiro and an iron ball Bj about two 
inclics in diameter, is suspended from tho coiling or wall bracket. 
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The pendulum is hold at an angle to the vertical by an electromagnet, 
Mj. Another electromagnet, Mj, wired in series with the first, holds a 
release ball Bg, also of steel. By opening the switch, S, the pendulum 
and ball Bg are released simultaneously. On falling to a vertical 
position the pendulum operates a gate switch, G. A trap switch, T, 
operates when struck by the falling ball. 



. Fia. 2*9. — ^Welander’a Apparatus for DeterminiDg *g.* 


To begin the experiment the gate and trap switches are set and the 
switch S closed. The three electromagnets are now excited so that 
the pendulum and two spheres may be fixed in position. The trap 
having been placed at a distance H below Bg, the switch S is opened 
when the pendulum and ball Bg are sot free together. Let us suppose 
that the ball Bg hits the trap switch and closes it before the pendulum 
strikes the gate G. The electromagnet Mg will still be excited and Bj 
will reraain in position. If, however, the gate G is opened before the 
trap T is closed by impact of the falling sphere, the magnet Mj is no 
longer excited and B 3 is released. The trap is therefore moved an 
inch at a time until two positions of the trap are found such that at 
one the ball Bg remains in position while at the other B 3 is set free. 
By moving the trap 0-1 inch at a time two positions are determ^ed, 
the lower of which releases the indicator ball while the higher leaves it 
attached. 

Let H be the height through which the ball Bg falls, and t the periodic 
tune of the simple pendulum used [this must be measured as explained 

on p. 38]. The release ball strikes the trap after a time ^ so that its 

velocity is ~ cm. see.-i if e.g.s. \mits are used. But this is equal to 
cm. sec. We therefor© have 


V 2 £ 7 H: = or g 


32H 

cm. sec.“*. 


Work. If a constant force F acts on a body and the point of 

application of the force moves a distance s along the line of action 

of the force, work is said to have been done on the body It 
is given by W = Fa, 

i.p. 


0 
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Units of Work. — When a force of 1 poundal is applied so that 
its point of application moves 1 ft. along the direction in which 
the force is acting, the work done is 1 ft, -poundal. Engineers use 
a larger unit called the ft. Ib.-wtf which is the work done under 
conditions similar to the above when the force is 1 Ib.-wt. 

In the c.g.s. system the absolute unit of work is the erg, and 
this is defined as the work done when the point of application 
of a force of 1 dyne moves 1 cm. along its line of action. 
The practical unit is the joule, or 10’ ergs. 

Energy. — If a body is capable of doing work it is said to possess 
energy, i.e. the energy of a body is a measure of its capacity for 
doing work. An agent performing 660 ft. Ib.-wt. of work per second 
does work at a rate of one horse-power. In the c.g.s. system 
the power, or rate at which work is done, is often measured in 
watts, a watt being c(iuivalcnt to 10’ erg. scc.-^. Electrical en- 
gineers find this unit too small lor practical purposes so that they 
generally employ as their unit one which is equal to a thousand 
watts ; it is termed a kilowatt. One horse-power is 0-746 kilowatt. 
Electrical energy is measured in Board of Trade units, one of 
which is equal to one kilowatt-hour. 

When a mass j/i is at rest at a height k, it is attracted to the 
earth by a force mg [its weight]. If it falls to the earth’s surface 
it does work nigh. Bvit 2gh — v*, where v is the final velocity of 
the body, so that the work done is The body possessed 

energy when at rest, for it was capable of doing work equal in 
amount to ^tnv^. The energy which a body possesses in virtue of 
its position is called its potential energy and is measured by 
the amount of work the body performs in passing from its 
original position to a standard position, where the potential 
energy is considered to be zero. The potential energy of a body 
at the earth s surface is taken as zero, whilst the energy associated 
with its motion is called its kinetic energy. 

Energy = mgh = Jmv*. 

Although the expression Jmv* has been obtained for motion under 
gravity, it is true in general os an expression for the kinetic energy 
of a mass m moving with velocity v. 

Principle of the Conservation of Energy. — From the above it 

is seen that potential and kinetic energy are mutually convertible 

a property which is possessed by all forms of energy, whether 

they bo magnetic, oloctrio, kinetic, etc. When such changes of 

energy take place the principle of the conservation of energy 

states that the total energy in any system is always 
constant. 

^ Tina ia often called u foot-pouml, but the notation adopted horo loads 
to loss confusion. 
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Motion in a Horizontal Circle.— If a particle of mass m is 
moving in a horizontal circle of radius r, with uniform speed u, 
its velocity cannot he said to be uniform because its direction is 
continuously changing, and this im- 
plies the existence of a force which, 
in turn, gives rise to an acceleration 
which can be calculated as follows. 

Let A and B, Fig. 2*10, be two posi- 
tions of a particle of mass m rotating 
in a circle, centre 0 and radius r. 

Let V be the speed of the particle, 
and let us assume that the time re- 
quired for the body to move from A 
to B is small. The velocity at A is 
V and is directed along the tangent 
AT. At B the velocity is v along 

BS. If 0 is the AOB, the velocity 

at B is equivalent to a velocity v sin 0 along BD, where BD 
is parallel to AO, together with a velocity v cos 0 along BC, 
where BC is parallel to the tangent AT. If 0 is small these 
are respectively vO and v. At A the component velocity along 
AO was zero so that the change in velocity in this direc- 



Fio. 2-10. — Motion in a Hori- 
zontal Circle. 


tion is vB and this has occurred in 

t6 

acceleration is therefore t’0 -i- 


.. AB r0 
time — or — 

V V 


The 


V 


i.e. — . 
r 


Since the velocity in the 

direction of the tangent at A does not change by a finite amount, 
the acceleration along the tangent is zero. The only force acting 

171V^ 

on the particle is therefore and this is directed towards the 

centre O ; it is called the centripetal force. This force is due to 
the action of some other body, and since, according to Newton’s 
Third Law of Motion, action and reaction are equal and opposite, 
it follows that this other body is being pulled by a force which 
tends to move it from the centre of the circle. This latter is the 
centrifugal force. Thus, when a stone, attached to one end of 
a string, is caused to rotate, the pull on the hand of the person 
performing this experiment is the centrifugal force. The existence 
of this centrifugal force may also be demonstrated in the 
following manner. A small container, partly filled with water, 
is suspended from a string and caused to rotate rapidly in a 
vertical circle. No water is lost because the velocity is so great 
that the water exerts a thrust on the bottom of the container which 
is greater than the weight of the water. 
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In chemical laboratories centrifugal force is utilized in the separa- 
tion of small crystals from the mother-liquors. Dairy farmers also 
use this force when they separate cream from milk by mechanical 
means, and in the purification of honey. Dyers are in the habit of 
rotating their yarns in this way so that they may lose their moisture 
more readily. In preparing flake nickel for use in Edison storage 
batteries, the flake is washed and then centrifuged in order to 
remove the water. 


The Banking of Tracks. — Fig. 2-11 represents atruck of mass 

m moving with speed v on 
a circular track banked 
y IDdi? at an angle 0. If G is 

\ centre of gravity of 

I the truck, mg will act 
j \ vertically downwards 

I \ alone GA whilst the 


jiX 

C 

Fig. 2*11. — Truck on a Banked Track. 


vertically downwards 
along GA whilst the 

centrifugal force 

will be operative in a 
horizontal piano along 
GB. To prevent the 


truck from leaving the 
rails the track must be banked to such an extent that the result- 
ant of these two forces is perpendicular to the track. Under these 
conditions we have 

, « AC mv^ V* 

tan 0 = = i-mg = —» 

GA f 1^9 


where 0 is the angle of greatest tilt on the track surface. 

If the outer rail is not thus elevated the flanges of the wheels 
will grind against it in order to create a force sufficient to enable 
the truck to take the curve at the desired speed. 


Simple Harmonic Motion. — 
Let us imagine that a point is 
moving with uniform angular velo- 
city o) along the circumference of a 
circle whose centre is 0 — cf. Fig. 
2*12. If PM is draw'll perpendicular 
to the diameter AOC, M will move 
to and fro across this diameter as 
P moves round the circle. The 
point M is said to execute simple 
harmonic motion, so that w’o may 
say that simple harmonic motion 
[S.H.M.] is the projection of uniform 


R 



Fig. 212. — Simple Harmonio 
Motion. 
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motion in a circle upon a diameter of the circle. The distance 
OA is called the amplitude of the oscillation and the time, T, 
required for one complete oscillation, i.e. for the point M to move 
from A to C and back again, is referred to as the period of the 
oscillation. It is given by the equation (oT = 2;r, for T is the time 
required for the moving particle to rotate through an angle 27 i. 

Let time be reckoned from the instant when the moving point 
is at A. At time t the moving particle will have reached a point 

P where AOP = cot. 

Now the velocity of M is equal to the velocity of the point P 

projected upon AOC, i.e. aco X cos RPN, where PR = v = aco, 
and is tangential to the circle at P, and PN is parallel to AO. 

Vif = aco sin cot. *.* RPN = 90® — cot. 

These equations show the velocity of M is zero at A and C, and 
reaches a maximum value aco at O ; the acceleration, on the other 
hand, is a maximum when M is at A or C, i.e. at either extremity 
of its path, but it is zero when M is at 0 [cf. below]. 


Formulse for Simple Harmonic Motion. — Let a be the 
amplitude, while co is the angular velocity of the point P. 
The actual speed of P is therefore aco so that its acceleration is aco^ 
in the direction PO. The acceleration of M is equal to the com- 




ponent of the acceleration of P parallel to AO, viz. aco^ cos POM. 

OM 

But since cos POM = , this reduces to co^ . OM. We 


therefore see that the acceleration of M is directly proportional 
to its distance from 0 since co* is a constant. When a body 
moves so that its acceleration is always proportional to its dis- 
tance from some fixed point in the line of motion and directed 
towards that point, its motion is said to be simple harmonic. 

The periodic time, T, is equal to the time occupied by P moving 
once round the circle. Now in this time P moves with a speed v 


2i7ia 271 

a distance 2jia. so that T = — = — . 

V (o 

Since o)® is the acceleration when the particle is at unit distance 
from the origin, we have 

T=2jr/V acceleration for unit displacement = 2 ?! \/ — 

V acceleration 


To Determine the Period of a Simple Pendulum. — A simple 
pendulum is really a mathematical ideal to which we can only 
approximate in practice, for it is defined as a heavy particle sus- 
pended from a rigid support by a massless inextensible string. The 
pendulum we have to use consists of a heavy ‘ bob ’ suspended by 
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a light cord. Let A, Fig. 2-13 (a), be the ‘ bob ’ of mass m, C the 
point of suspension, so that AC is the string of length 1. Let 

OC bo the rest position of the pendulum. Lot 0 be the AGO. Then 
when the mass is at A the force acting upon it in the direction of the 
tangent is mg sin 0, which wo may replace by mgO if d is small. The 

X are OA. 


acceleration of A is therefore gO^ i.e. g . , or f 'f'y 


Hence, when 0 is small, the acceleration is proportional to the dis- 



Fio. 2-13. — Simple Pendulum. 


tance of A from 0 so that A will execute a simple harmonic 
motion, tlio period of which is 



To Determine the Acceleration due to Gravity. — The simple 
pendulum furnishes us with a ready means of finding ‘ g.* A lead 
sphere about one inch in diameter is suspended by a thread hold 
between two blocks as sho^yn at (6) so that the length of the pen* 
diilum does not vary as it swings. If the lower edges of these 
blocks are not in the same plane or have become rounded as in 
(c), considerable errors will bo introduced. This pendulum is 
placed in front of some vertical lino to indicate the rest position, 
or it may be viewed with a telescope which is adjusted so that the 
vertical cross-wire in the telescope coincides with the zero position 
of the extremity of the pendulum. The pendulum is set in motion 
and the time of twenty complete oscillations found. The observa- 
tions are repeated and the mean time calculated. To determine 
this more accurately the time is noted when the pendxilum swings 
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past its zero position. The swings are not counted, but after the 
lapse of some minutes, or previously if the motion is damped con- 
siderably, the time is again observed when the pendulum moves 
through its zero position. The time between these two ‘coinci- 
dences * divided by the approximate value of the periodic time 
would be an integer if the observations were not subject to error. 
The integer nearest to the quotient actually obtained is therefore 
the number of swings made between the two coincidences ; since 
this is known the period can be calculated. This method of measur- 
ing a period should always be resorted to whenever possible. 

The length of the pendulum is then changed and the period deter- 
mined. In this way a series of corresponding values connecting 

y/V2 

T and I are obtained. Since I is equal to it follows that if 


T2 [abscissa] is plotted against I [ordinate] the slope of the line will be 



if this is measured g may be deduced [cf. p. 14]. 


In evaluating the ‘ slope ’ of a straight line it must be under- 
stood quite clearly that it is not the tangent of the actual angle 
which the straight line makes with the axis of x, for this depends on 
the scales used to plot the variables. If A and B are two points 
on a straight line, and C the point of intersection of straight lines 
through A and B parallel to the axes Ox and Oy respectively, then 
the slope of the line is equal to 

the quantity represented by CB 
the quantity represented by AC* 

Motion of a Liquid in a U -tube.— Let I be the total length of 
liquid [say mercury] contained in a U-tube of uniform cross-section. 
Let m be the mass of liquid per unit length of the tube. If the 
mercury is depressed in one limb so that it, rises an equal distance 
in the other, on releasing the mercury it will continue to oscillate 
with a definite period which may be calculated as follows. When 
the mercury in one limb is at a height x above its zero position the 
force operative on all the mercury in the tube is equal to the weight 
of a mercury column of length 2x, i.e. W = 2mxg. Since the total 
mass of mercury is ml the acceleration, a, at this particular instant 
is given by 


2mxg ~ mla, or o = ~. 

I 


We therefore see that the acceleration is proportional to the dis- 
placement X ; i.e. the motion is simple harmonic and the periodic 
time is 



f 
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Bince is the acceleration for unit displacement, i.e. the periodic 
%/ 

I 

time is the same as that of a simple pendulum of length 


Motion of a Body Suspended by a Spring. — We now consider 
the motion of a heavy body, suspended from a fixed support by a 
helical spring of negligible mass. Let M be the mass of the body. 
When the spring is at rest its lower end will be at some definite 
position. When a small additional mass m is added, let x be the 
distance through which the lower end of the spring descends. 
Experiment shows that if a mass m had been removed from the total 
load carried by the spring the equilibrium position of the lower end 
of the spring would have been raised by an amount x. It also shows 
that X is directly proportional to m. 

If therefore the load is M and the spring is stretched further by 
an amount y, the force tending to restore the load to its equilibrium 
position is the resultant of the weight My acting vertically down- 
wards and the upward pull ^M viz. . The accelera- 

mg . . 

== i-e- it. 13 


tion, o, of the mass M will therefore be given by a 


proportional to the displacement y. The motion is therefore simple 
harmonic with a period T given by 


^/(acceleration for unit displacement) 



The Theory of Dimensions. 

The Dimensions of a Physical Quantity. — It has already 
been seen that the magnitude of a physical quantity may be ex- 
pressed in terms of an appropriate unit, i.e. a given quantity is 
said to bo so many times a certain unit. The statement that the 
length of a particular wall is a metres implies that its length is a 
times a certain unit of length — the metre. The above statement 
really consists of two parts — 

(i) the pure number or numeric a which is the measure of the 
quantity in terms of the unit employed, 

(ii) the name of the unit. 

Now the measure of a physical quantity varies according to 

the size of the unit employed, but the product of the measure of 

a physical quantity and the unit employed remains constant. 
Thus, 

2 metre. = 200 centimetre. 



ELEMENTS OF DYNAMICS 


41 


If n and are the measures of a particular physical quantity 
when the units are [U] and [Ui] respectively, then 

n[U]^n,[U,l 

4 

1 


i.e. 


n a 


[U]’ 


or the measure of a physical quantity is inversely proportional to 
the size of the unit in which that physical quantity is expressed. 

In selecting the units of length, mass, and time the choice is 
arbitrary. \^en we have to deal with velocity for example, 
however, we could still choose a certain velocity as the unit velocity. 
The unit chosen must satisfy the following requirements : — It must 
be reproducible and capable of being easily applied. Such a unit 
of velocity is not easy to find, but the difficulty is overcome in 
the following way. Suppose that the engine known as the ‘ Royal 
Scot,’ when travelling at its maximum speed, takes a seconds to 
pass from one end of the platform of a certain station to the other, 
the distance between these ends being b cm. The velocity of the 
engine may then be said to be unity. According to this scheme, 

the velocity of an object moving 1 cm. in a sec. would be ~ X (the 

above unit of velocity). If the distance moved were 1 cm. in 1 sec.,’ 

the velocity would be ~ unitg. If an object travelled I cm. in t secs. 


a 


I 


its velocity in terms of the unit selected would be r'-. In all 

0 t 


a 


such expressions the factor ^ occurs. Why not get rid of it by 

choosing a more suitable unit 1 Let the unit of velocity be such 
that an object moving with unit velocity travels 1 cm. in 1 sec. 

Then the velocity of a body describing I cm. in t secs, isy cm.scc."^ 

The unit velocity is therefore expressed in terms of the units of 
length and of time. Such a unit is known as a derived unit. 

The unit of velocity thus selected is directly proportional to the 
unit of length and inversely proportional to the unit of time, for 
if a body moves 1 metre in a second its velocity will be 100 times 
that of a body moving with unit velocity, while if it moves 1 cm. in 
1 minute, its velocity will be 60 times less. We say that the 
dimensions of the unit of velocity are 1 in length and — • 1 in time, 
a fact represented symbolically as [L][^“^] = [F]. 

Dimensional Equations. — The interrelationship between the 
units of length, mass, and time— the so-called absolute units — 
and a derived unit may be expressed by means of a dimensional 
equation, where by the statement that the dimensions of a certain 



42 PROPERTIES OF MATTER 

physical quantity are a, and y in length, moss, and time respect- 
ively, we mean that the unit in terms of which the quantity is 
expressed varies as 

[Lf [Mf [T]v, 

where [L] denotes the unit of length, [M] that of mass, and [T] 
that of time. 

An expression such as w[Zy] implies that the length of a certain 
object is n times the unit of length, n is itself a mere number. 
To discover the manner in which the unit of area depends on that 
of length let us consider the area of a rectangle whose adjacent 
sides are b and c. Then its area, a, is 

a[A] = b[L] X c[L] 

= bc[Lf. 

This equation shows that if, for example, the unit of length is 
doubled, that of area is quadrupled, i.e. the number expressing 
the area in terms of the new unit will be reduced to one-fourth of 
the number expressing the area in terms of the old unit. 

Let 118 consider the dimensions of the unit of density in respect 
to the dimensions of the three fundamental units. We have 

density = mass/volume. 

Therefore 

[D]=:[M]ALy^[M][Lr^. 

The dimensions of density are therefore one in respect to the 
unit of mass and — 3 in respect to that of length. 

Such equations as these are useful in two ways : — 

(i) wo can express a density given in one system of units in terms 
of any other possible system of units, 

(ii) in any equation in which a number of terms are added 
together the different terms must bo homogeneous as far as their 
dimensions are concerned, i.e. each term must bo expressed in the 
same units of dimensions. This fact was first pointed out by 
Fourier, a celebrated French mathematician. 

The Dimensions of Some Physical Quantities in Mechan- 
ics. — In determining the dimensions of a unit in which a physical 
quantity may be expressed, it is only necessary to write down any 
equation, so long as it is valid, connecting this quantity with others 
whoso dimensions are known. The particular equation may be 
cither one applicable to a particular instance or one that is true 
in general. 

(i) Velocity, Wo have 

s ~ vt 

where « is a numeric representing the distance traversed in t seconds 
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by a body moving with constant velocity v, [t and v are numerics]. 
Then 

s[L] = vm. t[T] 

where [V] denotes the dimensions of the unit in which a velocity 
is expressed. From the above it follows at once that 

[F] = m [T]-^ 

(ii) Acceleration. We have a = so that 

8[L] = ia[A] . 

where [A] denotes the dimensions of the unit in which an acceleration 
may be expressed. Hence 

[^] = [i] [r]'* 

(iii) Momentum (I). We have 

I ss mv, 

so that 

/[/] = m[M] . u[LT-i] 

[7] = m[L][T]-i. 

(iv) Force (F). We have Ft = I, 

/. [P][r] = [JlfLr-i] 

(v) Work (W). W = F.8. 

= [M][L\\T]-K 

(vi) Power (P). Pt = W. 

[P] = [M] [mTVK 

Some Applications of the Method of Dimensions. — 

(i) The Period of a Simple Pendulum. This may depend on 

(а) the mass, m, of the bob, 

(б) the length, 1, of the string, 

(c) the acceleration, due to gravity. 

Let us suppose that t — tcm'^Pg'*, where a, and y are the ‘ ex- 
ponents of the dimensions,’ and k is the constant. 

[T\ = [Mr .[Lf 

Equating like exponents, we have 

a = 0, y? + y = 0, 1 = — 2y, 

• • y ~ ^ • 


t=^K. [L. 

V g 


The constant k may be determined experimentally. 
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(ii) The Natural Frequency (/) 0/ a Uniform Stretched ^Yire. This 
may depend on 

(а) the mass, m, of the wire, 

(б) its length, I, 

(c) the stretching force, F. 

If / = KmHf^Fy, where a, and y are the ‘ exponents of the 
dimensions,’ and k is a constant. 

/. [T-^] = 

2y = 1, a + y = 0, ^ -h y = 0. 

/. a = — = i* 

If ^ = mass per unit length of the wire, m = fxlt and 

EXAMPLES n 

1.— A body, initially travelling with a velocity of 10 ft. 
observed to be moving with a velocity of 13*1, 16-2, and 16-3 ft. sec. 
at the end of the 1st, 2nd. and 3rd seconds of its motion respectively. 

Determine the distance traversed. - , j- * « 

2 —A train is travelling in a curve of 1 mile radius at a rate of 

20 m.p.h. ; through what angle has it travelled m 16 s^. T 

3 _what do you understand by the term acceleration T " 

has an initial velocity of 14 ft. 800.“h After traversing 100 ft. its 
velocity is 19-6 ft. sec.-h Wliat is the acceleration, and how long 

has it been moving ? 

4 _A body starting from rest is observed to traverse 60 cm. m the 
8th second of its motion. What is the acceleration ? 

5 _A body is tlirown upwards with n velocity of 163-2 ft. s^. . 
What time elapses before it reaches the highest point in its motion T 

How high does it rise t , . xu- 

6. _Two buckets, each of moss 7-6 lb., are supported by a thin rope 

over a smooth pulley and ore at rest. A mass of 1 lb. is dropped from 
a height of 4 ft. into one of the buckets. Calculate the time wmeh 
elapses before the system has moved through a vertical distance of 10 ft. 

7. — Explain what information may be obtained from a graph in 

which velocity is plotted against time* A train starting from rwt 
accelerates uniformly until it has traversed IJ miles; its speed then 
remains constant for the next 2J milos when on application of the 
brakes produces a uniform retardation bringing it to rest after a 
further J mile. If the whole journey occupies 7J minutes find the 
maximum speed in miles per hour. (L.S.C.) 

8. — A ball is tlirown at an angle of 46*’ to the horizontal so that at 

the top of its flight it enters a window 36 ft. above the thrower. Find 
the speed at which it was thrown and the distance of the wall contain- 
ing the window from the thrower. (L.S.C.) 

9. — Distinguish between momentum and kinetic energy. Wliich is 
conserved during a collision and what happens to the other t A 
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bullet weigliing 30 gin. and travelling at 600 metre, sec. ^ embeds 
itself in a suspended lump of wood of mass 7-47 kilograms. How far 
will this block have risen above its original position when it reaches 
the end of its swing ? If the length of the suspension is 50 cm. how 
far will the block have swung in a horizontal direction ? (Take : g 
1,000 cm.sec.~2.] 

10. — A boy weighing 8 etone and riding a bicycle weighing 21lb. 
rides up a hill with a gradient of 1 in 21 at 9 ml.hr.~^. Assuming that 
friction is equivalent to a force of 2 Ib.-wt. resisting his motion up 
the hill, find how much work he is doing per second. 

11. — Two bodies initially at rest and of mass 10 gm. and 60 gm. 
respectively aro each acted on by a force equal to the weight of a body 
of mass 4 gm. Compare the times for which these forces must be 
operative to produce (o) the same kinetic energy, (6) the same 


momentum. , - . j 

12. ^Describe the variations of velocity and acceleration of a body 

moving with simple harmonic motion. If, in a simple harmonic 
motion, the amplitude of the displacement is 10 cm. and the period 
3 seconds, what are the maximum values of the velocity and the 

acceleration T 

13. Define two units of force which are in common use. Calculate 

the force necessary to bring to rest a motor-car weighing 2 tons travel- 
ling at a speed of 30 ml.lir.-^, in a distance of 20 yds. 

14. ^Derive an expression for the period of a body moving with 

simple harmonic motion, in terms of its acceleration and displacement. 
A vertical U-tube of uniform cross-section contains mercury to a 
height of 20 cm. If the liquid on one side is depressed, and then 
releeised, the mercury oscillates up and down the two sides of the 
tube. Show that the motion is simple harmonic, and calculate its period. 

15. ^Define potential energy and kinetic energy, and state the units 

in which each is measured. A block of wood weighing 600 gm. is 

. allowed to fall down an inclined plane which makes an angle of 30 
with the horizontal. After sliding a distance of 20 cm. from rest it 
is moving with a velocity of 60 cm.sec.-^. How much energy has 
the block lost at this point ? What has become of the energy ? 

16. Distinguish between momentum and kinetic energy. 

A simple pendulum I metres long has a bob of mass m gm. Dwive 
expressions for the momentum and the kinetic energy of the bob at 
its lowest point, if the pendulum swings 30® from the vertical. 



CHAPTER III 

THE ELEMENTS OF STATICS 

In the previous chapter it has been shown that whenever a 
force acts on an object which is not fixed, then that body moves. 

If the body is to remain at rest it must be acted upon by an equal 
and opposite force or its equivalent. Under such conditions the 
body is said to be in equilibrium, and statics is that branch of 
physics which studies the properties of bodies in equilibrium. 
The bodies are supposed to be rigid, homogeneous and not too 
large, for otherwise the lines of action of all the gravitationaT 
forces acting on the individual parts of the body would not be ' 
parallel to one another and the problem of determi^g the line 
of action of the resultant of such a system of forces is, in general, 
not capable of solution. 

Just as a velocity can be represented by a straight line, so can 
a force be similarly represented, for this latter has magnitude, 
direction, and sense. 

Resultant of Two Non-ColHnear Forces.— If OA and OB, 
Fig. 2-2, p. 20, represent two forces, Fj and F„ the resultant, F, 
is represented by the diagonal OC, since forces are vectors. Its 

magnitude is given by 

F* = F,a + F,* 4- 2F,P, cos 0, 

where 0 is the angle AOB. 

The Experimental Verification of the Law of Forces. — The 
experimental arrangement is shown in Fig. 3T. Three spring 
balances L, M, and N are supported on hooks, and joined together 
by means of three pieces of string knotted together at O. The 
readings of the two balances M and N are observed, and these 
are a measure of the tensions in the strings. Immediately below 
the strings a piece of paper is attached to the board which supports 
the apparatus, and upon this paper straight lines are drawn 
parallel to the strings leading to M and N. Along these lines 
distances OA and OB respectively are marked off, their lengths 
being proportional to the readings of M and N respectively. The 
parallelogram OACB is then completed, and the tension in L 
should be proportional to the length of OC whilst the direc- 
tions OL and OC should be parallel. 
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Now the reading of the spring balance L measures that force 
which prevents O from moving when acted upon by the forces 
in M and N, i.e, the force in L is the equilibrant of these two other 



Fia. 3-1. — Verification of the Parallelogram Law of 

Forces. 


forces, whereas the resultant of the forces represented by OA 
and OB is represented by OC and is equal and opposite to the 

equilibrant. 

Parallel Forces. — When two or more non-coUinear parallel 
forces act upon a rigid 
body the line of action 
of the resultant may be 
found very easily in the 
following way. If OA / 

and O'A' Fig, 3*2, repre- ' 

sent completely two par- 
allel forces acting on a 
rigid body, join 00' and 
at O and 0' insert two 
equal and opposite forces 
OB and O'B'. These will 
not affect the equilibrium 
of the body. The two forces ^ 

at O and 0' are combined 3 . 2 .— Graphical Determination of the 

according to the parallelo- Resultant of two Parallel Forces, 

gram law, and so we have 

their resultants 00 and O'C'. The lines of action of these two 
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resultants are produced backwards to meet at L and are there 
resolved into their components LM, LN, etc. This step is justi- 
fied, for a force can be represented by a lino of suitable length 
drawn from any point in its lino of action. The four forces at 
L now give a resultant LM LM' parallel to the lines of action 
of OA and O'A', for the forces LN and LN' nullify each other. 
By producing LM to cut 00' in O , the point in 00 through 
which the line of application of the resultant passes is determined. 


O 

xt'- 


Moment of a Force.— Let AB, Fig. 3-3, represent a force F 

completely, and let OL be the per- 
pendicular from any point O upon 
AB. Then F . OL is called the 
moment or torque of the force 
about O. This moment is repre- 
sented graphically by twice the area 
of the A OAB, for F . OL is 
AB . OL which is twice the area of 
the triangle. 


B 

Fio. 3*3. — Moment of a Force. 


Couples. — Two equal unlike parallel forces which are not 
collinear constitute a couple, the moment of which is equal to the 
magnitude of one of the forces multiplied by the perpendicular 
distance between the lines of action of the forces. 


Centre of Gravity. — If a body is sufficiently small, its weight 
may be regarded as the resultant of the parallel forces acting on 
its constituent particles. It is found that for all such bodies there 
is some point, not necessarily in the body, but which has a defi- 
nite position with regard to any point in the body taken as reference, 
and through which the line of action of the resultant of all these 
parallel forces passes irrespective of the actual position of the body. 
This point is called the centre of gravity [o.g,] of the body. 
The centre of gravity of any plane body, i.o. a lamina, such as a 
triangular sheet of metal of uniform thickness, may be found by 
suspending the body from any point and placing a plumb line 
immediately in front of the triangle and in such a position that 
it passes in front of the point of support. Under these condi- 
tions the plumb lino indicates the line of action of the weight of 
the suspended body. This direction can then be marked on the 
triangle. The above procedure is repeated, the lamina being sup- 
ported from another point. The centre of gravity is then that 
point at a <listanco one-half the thickness of the material behind 
the point of intersection of the lines indicating two positions of the 
plumb line. 

The centre of gravity of a body such as a chair, or bird-cage, 
is more difficult to find since it is not easy to mark the position 
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of the plumb line which must invariably be used. It may be done, 
however, by attaching small pieces of plasticine to the cage and 
fixing straws therein so that the extremities of the straws touch 
the plumb line. The extremities of the straws are then joined by 
a silk thread attached by means of glue. A second determination 
gives the position of the centre of gravity, for it will be the point 
at which the two silk threads intersect. 




Stable and Unstable Equilibrium. — Whenever a body is in 
statical equilibrium the resultant force upon it must be zero, but 
the nature of the equilibrium is not always the 
same. To illustrate these remarks let us con- 
sider the equilibrium of a sphere resting in 
turn on a concave, a convex, and a flat surface 
as shown in Fig. 3*4. When the sphere is 
given a slight displacement from its zero 
position on a concave surface it tends to 
return to this position as soon as the con- 
straining force is removed. The equilibrium is 
said to be stable. The equilibrium, however, 
when the sphere rests on a convex surface is 
unstable, because if the sphere experiences 
even a very small displacement it never 
returns of its own accord to its former posi- 
tion. In the third case when the sphere rests on a flat surface 
the equilibrium is called neutral because the body may be at 
rest at any point on the surface. 



Fio. 3*4. — Types of 
Equilibrium. 


Machines. — As a result of experience man has found that he 
can work better in some positions than in others ; it is always 
more convenient to pull a rope downwards rather than upwards, 
and it is generally more convenient to apply a small force through 
a given distance when it would be impossible, for example, to apply 
a force ten times as gieat through one-tenth that distance. Hence 
it is desirable to have a contrivance for changing (a) the point of 
application, (6) the magnitude of a force and (c) its direction. A 
mechanical arrangement whereby a force acting at one point 
is made available at another point under different conditions 
as regards its magnitude and direction is known as a simple 
machine. If F is the effort or force necessary to be applied to 
a given machine to overcome the weight W of a load which it 


carries, 


W 

F 


is called the mechanical advantage of the machine. 


Another quantity often evaluated in connexion with a machine 
is its velocity ratio. This is defined as the ratio of the distance 
through which the point of application of the effort moves to the 



i.e. 
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distance through which the point of application of the resistance 
or weight moves in the same time, i.e. 

distanc e through which F moves 
Velocity ratio = distance through which W moves* 

If a machine is perfectly smooth and no energy is used in 
moving the component parts, the work done against W is equal 

to the work done by F, 

i.e. W X distance through which W moves 

= F X distance through which F moves. 

Hence W _ distance through which F moves 

W ~~ distance through which W moves 
or the mechanical advantage of a machine in which there is no 
friction and in which the parts have no weight is equal to its velocity 
ratio. In any actual machine the mechanical advantage must be 
determined experimentally but in simple machines it is possible to 

calculate the velocity ratio. 

The efiSciency of a machine is defined by the equation 

work done by the machine 
Efficiency work done by the effort 

load (W) X distance load moves 
~ effort (F) X distance effort moves 

W 

= — velocity ratio, i.e. 
t 

„„ . mechanical advantage 

Efficiency = - , . . - - • 

velocity ratio 


The Principle of Virtual Work. — Mechanical problems, especi- 
ally those dealing with simple machines, i.e. machines without 
friction and in which no work is required to move the components, 
may bo solved by a principle first pointed out by Stevinus in 
connexion with pulleys. He noticed that when a load of weight 
mg or W is raised by a cord passing over a single fixed pulley, 
that the effort is equal to the weight and that the point of applica- 
tion of the effort descends through a vertical distance equal to 
that through which the weight is raised. In the instance of a 
single movable pulley, the effort is only one-half of the weight 
of the load raised, but its point of application moves through 
twice the distance. Stovinus argued that this principle applied 
to all simple machines and wrote ‘ Ut spatium agentia od statiam 
patentis, sic potentia patontis ad potentiam agentis,* a fiw 
translation of which is ‘ What is gained in power is lost in 
speed.’ A better statement of this principle is that mechanical 
advantage is always gained at a proportionate diminution m 
speed. 
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In 1717 Bebnoulli, an eminent mathematician, extended the 
above principle to all cases of equilibrium. He maintained that 
if any number of forces acting on a body undergo infinitely small 
displacements consistent with the configuration of the system, 
then the total work done is zero, i.e. 

SF cos a. ds — 0 

where ds is the displacement of the point of application of F, 
and a is the angle between F and ds. The necessity for the dis- 
placements to be infinitely small follows at once from the fact 
that if they are finite the system may assume another configura- 
tion in which equihbrium is only maintained under conditions 
different from those for the given system. This principle, the so- 
called principle of virtual work, will be used in discussing some 
of the problems which follow. 

Since no machine is ^vithout friction, etc., the principle of work, 

W 

as here used, only allows us to calculate on the assumption that 

the machine is ideal, i.e. it gives us the velocity ratio in all cases 
but the mechanical advantage only if the machine is ideal. 

Levers. — One of the simplest forms of machine is the lever, of 
which there are three classes according to the position of the 




Fig. 3‘5. — Levers. 

point or fulcrum about which they turn. The three classes are 
shown in Fig. 3-5. In addition to the forces F and W there is 
the reaction at the fulcrum C, and since there is equilibrium the 
reaction must be equal to the algebraic sum of F and W. In all 
three instances when the levers are in equilibrium 

F . AC = W . BO., 
or 

F 6* 

This is the mechanical advantage in so far as friction and the 
weight of the lever are negligible. The velocity ratio is calculated 
as follows : — 

If the beam rotates through an angle 6, the point of appli- 
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cation of the effort moves a distance a sin 0 while that of the load 
moves a distance b sin 0, i.e. the velocity ratio is 

In the above it has been assumed that friction and the weight 

of the lever are negligible. If the weight is W|, and acts at G, 
the condition for equilibrium in the first class is 

W . BC = Wi . GO -h F . AC. 

Similar expressions are easily written down for the other two 
classes of lever. 

The Balance. — The physical or analytical balance, the main 
features of which are shown in Fig. 3-6, consists of a light but rigid 
metal beam, supported so that it may rotate in a vertical plane 



Fio. 3-6. — Main Features of a Physical Balance. 


about a horizontal axis vertically above its centre of gravity. Pans 
are suspended from the extremities of the above beam and turn 
freely about axes parallel to its axis of rotation. The beam has 
three agate knife-edges : the central one, 0, edge pointing down- 
wards, supports the beam when it rests upon an agate plate attached 
to the pillar (indicated by the broken lines) of the balance, while 
the outer ones, edges pointing upwards, carry the agate plates to 
which the scale-pan supports are fixed. The whole is enclosed in 
a glass cose to protect it from air currents and rapid temperature 
changes, the air within the case being kept dry by means of some 
desiccating agent such os concentrated sulphuric acid. When the 
balance is not in use the knife-edges are sliifted slightly so that they 
are not in contact wth the agate plates : in this way the knife- 
edges are kept in working order for longer periods. The position 
of the balance beam is defined by a long metal pointer, P, rigidly 
attached to it, its length being normal to the lino joining the outer 
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knife-edges. The observation of the motion of the pointer, and 
consequently that of the beam, is facilitated by means of a scale S 
fixed to the pillar of the balance. Small masses, Si and Sg, capable 
of moving on screws attached to the beam, enable the balance to 
be adjusted. When the balance is in proper adjustment the pointer 
should swing through equal distances on either side of the central 
mark of the scale S when the line is horizontal. The bob B, 
also moving on a screw attached to the beam, permits the position 
of the centre of gravity of the beam and its attachments to be 
raised or lowered with respect to the central knife-edge O. 

Simple Theory of the Static Equilibrium of an Equi-arm 
Balance. — In principle the common balance is simply a lever of 




the first class in which the two arms are equal and the central 
knife-edge 0, Fig. 3’6, is the fulcrum. As a first approximation 
let us assume that the effective lengths of the arms are equal and 
invariable and that the three knife-edges are coplanar, horizontal 
and parallel to one another, as suggested in Fig. 3*7 (a). Let M 
be the mass of the beam, and its attachments, while G is their 
common centre of gravity. Further, let p be the mass of each 
pan and suppose that a mass m is placed in one pan, while {m -f- p) 
is the mass in the other pan, where ^ is a small mass. Let I be 
the length of each arm and h the distance OG. When the beam 
is loaded as above, let it take up an equilibrium position inclined 
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at a small angle to the horizontal — cf. Fig. 3-7 (6). Then, if g 
is the intensity of gravity, by taking moments of forces about O, 

we have 

(p -j- ?n + ix)gl cos ^ = Mj h sin ^ + (p + ^ 

/. fil cos <l>= sin <]) 

fil 


/. tan <p = 


MA* 


Since (j> is small, tan (jj may be replaced by its circular measure <f>, 
so that <t> = 

Now the sensitivity of a balance is defined as the change in 
(f) caused by increasing ft by a given small amount, usually taken 
as 10-3 g,n.^ i.e. if is the change in thus caused, 


MA 

10 - 3 / 


or 


m ■ 

Thus, for the ideal balance, in which the knife-edges are coplanar, 
the sensitivity is independent of the load in the pans. From the 
above expression for the sensitivity it follows that, for a given 
balance, it may be varied by altering A, i.e. the position of G with 
respect to O. This, as already mentioned, is effected by means of 
the bob B, Fig. 3-6. 

When the knife-edges arc not coplanar let the outer edges, when 
the beam is at rest, be at a depth a below the horizontal plane 
through O — cf. Fig. 3*7 (c). Then, ns before, 

(p m 4" ^()g{l cos ^ — a sin <f>) = 

M (7 a sin ^ (p + in)g{a sin ^ cos 

i.e. cos ^[[p 4- -k p)l — (p -f- »0n = 

sin (^[MA -f- a{p 4- ?h)+*’(P "H p)]- 

Since ^ — ► 0, cos <f> 1 and sin <f> —>■ <f>. 



MA 4“ «[p -j- 2(p + m)] 

-= r-- f: 

MA 4- 2a{p 4- m) ^ ' p 
The sensitivity is therefore given by 

10 - 3 ^ 


/. <!> 


0 ]. 


d(t> = 


MA 4- 2a(p 4“ w)‘ 


Thus, if the throe knife-edges are not coplanar, the sensitivity 
decreases with increasing load : since all beams are deformed 
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slightly by the load, so that the knife-edges never remain coplanar 
when the balance is loaded [in fact a varies with the load, also], 
the sensitivity of all balances decreases with the load. 

If a balance is to be classified as a good one, it must possess the 
following characteristics : — 

(а) Its indications must be reliable ; i.e. the beam must be 
horizontal when equal masses are placed in the two pans. This 
is secured by making the arms exactly equal in length and mass ; 
the suspended pans must also be of equal mass. 

(б) The balance must be sensitive, i.e. a small difference between 
the two masses compared must cause an appreciable deviation of 
the beam &om its zero position, i.e. (ft must be relatively large. 
This is obtained by making M and h small. Hence the beam must 
be long and light, and have its centre of gravity near to 0. 

(c) A good balance must be stable, i.e. it must not suffer any 
change in shape, e.g. by bending of the beam, etc. For this reason 
the sensitivity cannot be increased indefinitely, for such a con- 
dition can only be attained by using a light beam, whereas the 
beam must be fairly massive if it is to be rigid. Evidently these 
conditions are at variance and, in practice, a compromise must be 
effected. 

(d) The period of swing should be short, so that ‘ weighings ’ 
may be made rapidly — unfortunately this implies a less sensitive 
balance, so that again a compromise is made. 

(e) The balance must be stable, i.e. when the balance is in 
equilibrium it must return to its zero position after being deflected. 

(/) In addition the knife-edges [which, it must be' noted, are 
always fixed to the beam] should be parallel and lie in the same 
horizontal plane. This 
latter condition is essential 
if the sensitivity of the 
balance is not to vary with 
the load in the pans. 

A Micro-Balance. — Small 
masses, such as drops of liquid 
absorbed in bits of filter paper, 
or small quantities of powder, 
may be estimated by means 
of a micro-balance shown in 
Fig. 3*8. A hght thread, H, 
has its extremities attached 
to the lower ends of a pair 
of nearly vertical rods 2 ft. 
apart, each of which is pivoted 
at a point just above its centre 
of gravity. Thus, a very light 
load suspended at the middle 
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of the thread causes a considerable depression of that point. The 
apparatus is calibrated by observing tho depression for a kno^ 1^. 
The contrivance can be constructed out of ‘ Meccano parts, ihe 
friction at tho fulcrums A and B is reduced by using short glaas tubes 
as the supports for the uprights. By making the uprights in two parts 
as shown and moving tho upper portions C and D the sensitivity may 
be altered considerably. The " pan ’ of the balance consists of a 
circular disc bent across one of its diameters so as to form a clip which 
can be suspended from the thread, as at E. Small objects can then be 
supported between tho jaws of this clip. Such an instrument as this 
has many uses, especially in the study of bacteriology. It was origi- 
nally designed for use in Flanders, during tho war of 1914-1918. 

The Single Movable Pulley. — In this very simple type of 
machine a string, fastened at one end to a beam, passes round a 
pulley, K, Fig. 3*9, carrying a load of weight W. The portions 


of the string passing round 
the movable pulley are par- 
allel to one another. The 
effort, or force, F, necessary 
to raise the load, is applied 
at the free end of the string 
which, for convenience, may 




Fro, 3-9. — A Movable Pulley. Fia. 3*10. — Systems of Pulleys. 


pass round a fixed pulley, L. To determine the force required 
to maintain W in equilibrium a spring balance, S, is placed as 
indicated in the diagram. From observations made with such an 
apparatus it is soon realized that, if friction and the weight of the 
pulley be neglected, the tension in the string, wliich is measured 
by S, is one half the weight of W ; this means that one half the 
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load is supported by the string attached to the beam and the 
second half by the string passing round the fixed pulley — the free 
end of this string may be held in any convenient direction. The 
fact that a movable pulley-wheel with parallel strings reduces by 
one half the effort required to raise an object is a principle which 
may always be applied to such piiUeys when they are free to 
move. 

Of the various systems of pulleys with parallel strings, and the 
ways in which pulleys may be combined to form a machine, 
only two will be considered ; they are shown in Fig. 3-10 (a) 
and (6). 

In the Archimedean or First System of Pulleys, Fig. 310 (a), 
a separate string passes round each pulley. If the load W ascends 
a distance a;, the string round Aj is shortened by an amount x on 
each side, so that moves a distance 2x. Similarly Aj moves 
a distance 2 X 2a; = 2^ and the point at which F is applied descends 
a distance 2^x. The velocity ratio is therefore 2^ = 8. In the 
case of n movable pulleys the velocity ratio is 2^. 

To calculate the mechanical advantage of the system in the 
absence of friction and neglecting the weights of the pulleys we 
make use of the fact that the work done on is equal to the work 
done by F, i.e. if there are three movable pulleys 

W 

W . a; = F . 2^x, or ^ ~ 2^. 

Alternatively, let the tensions in the different strings be as 
shown. Then 


T, = JW, T^ = JTi, T, = JT, = -JW. 

W 

Since Tg = F, ^ = 8, as above. 

In the case of n movable pulleys the mechanical advantage, 
that is is 2". 


In the above argument the weight of the pulleys has been 
neglected. Suppose that there are three movable pulleys, each of 
weight w. Then T^ = J(W + w) ; 


Ta = i[i(W + Tg == J[iW + w] 


/. F = Tg JW -h 



t 
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Calling 


W . 1 

, the mechanical advantage, 2 /, and ^ = .t, we have 



11 


This equation suggests that if corresponding values of x and y are 
plotted, the resulting graph will be a straight line whose slope is 

— Hence w can be determined. 

In the Second or Common System of Pulleys there is only 
one continuous string and this passes round all the pulleys, its one 
end being fixed to the upper support, and the pull F applied at 
the other extremity [cf. Fig. 310 {b) ]. If the load rises a ^stance 
X, the amount of rope ‘ set free ’ is O.r, since each string supporting 





Fia. 3*11. — Weston’s Difforontinl 

Pulloy. 


the lower block is shortened 
by an amount x. To keep 
the string taut the point of 
application of the effort must 
descend a distance 6x : the 
velocity ratio is therefore 6. 
When there are 71 strings 
supporting the lower sheave 
pulley block the velocity 
ratio is u. 

In actual practice the pul- 
leys in each block in the 
common system are all con- 
centric so that the two 
blocks can be drawn nearer 
together. The great dis- 
advantage of these systems 
is that a long length of rope 
is required ; this is avoided 
in the differential pulley. 

Weston’s Differential 
Pulley. — In this 85 ^tem the 
rope is replaced by an end- 
less chain, slip being pre- 
vented by depressions in the 
grooves of the pxilleys, and 
into these depressions fit the 

links of the chain. The 

« 

system is represented in Fig. 
3*11, in which the two pul- 
ler’s of the upper block move 
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as one round a common axis. The effort F is applied as shown. 
If W is the load and T the tension in the string, the necessary 
condition for the equilibrium of the load, on the assumption that 
the macliine is an ideal one, is W = 2T, whilst, by taking 
moments of forces round 0, the relation 

F.R + T.r = T.R 

is obtained. Hence 


F = T . — = iw — 

R 2 R ' 

W 2R 

The mechanical advantage, is therefore cr , and since the 

i? K — r 

machine has an efficiency of 100 per cent, this fraction is also the 
velocity ratio. 

The value for this ratio can be found for a differential pulley, 
even when it is not an ideal system, as follows : — 

Suppose that the upper pulley block makes one complete revolu- 
tion and that W rises. The length^ of chain wound in = 27iR, 
while that let out = 27ir. Therefore the length of chain actually 
supporting the lower pulley and W is shortened by an amount 
27r{R — r), i.e. W rises a. distance 7i(R — r). Since the point of 
application of F descends a distance 2;rR, the velocity ratio is 
2R 

. Hence in this non-ideal macliine the efficiency is 


W(R - r) 
2FR 


The Inclined Plane. — When a body S, Fig. 3*12, rests on a 
smooth inclined plane it is acted upon by two forces, the weight 
of the body acting vertically downwards, and the reaction of the 
plane on the body which is normal to the surface. The body will 
therefore move under the influence of the resultant of these forces 
unless it is constrained by some other force. The two cases which 
we shall study are when this third force, F, is either parallel to the 
line of greatest slope in the plane, or to the base of the plane — cf. Fig. 


3*12 [a) and (6). 


The velocity ratio is 


AB 

BC’ 



cosec 0 in the first 


instance and 


AC 

BC’ 



cot 0 in the second. 


These expressions are 


valid independently of whether friction is present or not. For any 
actual plane, as indeed for any actual machine, the mechanical 

W 

advantage ^ must be determined experimentally. If the plane 

is smooth the mechanical advantage may be calculatec^ as follows. 
To determine the magnitude of the effort F required to hold a 



60 


PROPERTIES OF MATTER 


body of weight W on a smooth plane whoso inclination is 0 and 
when F is parallel to the line of greatest slope AB in the plane we 
resolve tlie forces acting on S along AB. This gives 



mg cos 



mg sin 0 = F. 



Similarly, by resolving forces perpendicular to the plane, we get 
the normal reaction, N, of the plane on the body, viz., ^ 

N = mg cos 0. 

In these equations it must be remembered that if m is expressed 
in pounds, F and N are in poundals. The more usual practice is 
to express the weight mg as W Ib.-wt., when the above equations 

become W sin 6 = F etc., 

w 

where F and N are now measured in lb.*wt. Since ^ is the mechani- 

F 

cal advantage of the system it follows'that tliis is equal to cosec 0 
in this instance ; in the second it can bo shown to be cot 0. 

The Screw. — If a triangle PQR, Fig. 3*13, in which QPR is equal 



Fio. 3*13. — Tho Principle of a Screw, 


to 0, is constructed out of thin paper or aluminium foil and WTapped 
round a right circular cylinder so that the base PR remains in a plane 
perpendicular to the axis of the cylinder the trace of tho hypotenuse 
on the sunfaco of the cylinder is a spiral. Let LM bo a line 
perpendicular to the base of the A PQR such that when the paper 
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is round the cylinder the point M coincides with P, and L is 
vertically above P. Then, regarding the trace of the edge PQ as 

the thread of the screw, LM is the pitch of the screw. The QPR 
is called the angle of the screw and it is clear from the diagram that 

tan d = = pitch of screw circumference of cylinder. 

Actual screws differ from this ideal screw in that they always have 
a protuberant thread of metal or wood, etc. This enables the screw 
to work in a nut, but of course introduces so much friction that the 
mechanical advantage of a screw never approaches equality with 
its velocity ratio which we now proceed to obtain. 

The Velocity Ratio and Efficiency of a Screw. — Let us suppose 
that we have a screw working in a 
nut and that the screw is supporting 
a load of weight W, as in Fig. 3-14, 
while a force F, which we assume to be 
in a horizontal plane, is applied to the 
end of the arm A3. Now when the 
arm AB has made one complete revo- 
lution the point of application of F 
has moved through a distance 2nr 
where r is the distance of B from the 
axis of the screw. Under the same 
circumstances the load W will have 
moved through a distance p, where p 
is the pitch of the screw. The velocity 

ratio is therefore 


P 







1 


If the mechanical advantage, is 


Fio. 3* 14. — Mechanical Ad- 
vantage of a Screw. 

w 


determined experimentally, the efficiency is — . 

F 271?’ 

Weighing Machines. — The mass of a heavy load may be ascer- 
tained mth the aid of a weighing machine the principle of which 
18 indicated in Fig. 3-15. It consists of three levers ACD, EK, and 

platform upon which the load is placed is 
attached to the lever EK, whilst the end D of the first lever carries 
a scale-pan The fulcrum for the lever EK is not fixed but is 
attached to the lever LR moving about a fixed fulcrum R. If a load 

® “ placed on the platform we may 

regard its weight as bemg distributed at the points E and K The 

t position of the load on the 

load ^t f’ is?M "" lo^'l ”^9 at K so that the 

load at E 18 (M - m)g. The load mg at K can be replaced by a load 
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mg/n at L if LR = n . KR. Now the load at L may be considered 
to be acting at A, and may therefore be replaced by a load n times 
as large at B if AC = n . BC, i.e. the equivalent load at B would be 
mg. But the load at E may be replaced by an equal one at B so that 



Fia. 3‘15. — A Weighing Maohiue. 


the total load at B is now and this is independent of the actual 
position of the object on the platform. To measure this load at A 
tlie length of the lever CD may be made 10 or 100 times that of AC. 
When this is done the mass N of the load on the scale-pan is the 
corresponding fraction of tlio mass M. 

The Common or Roman Steelyard. — This is another macliine 
for determining the mass of a heavy load, and consists of a long non- 



Fio. 31G. — Common Stoolyard. 


uniform rod, AB.Fig.3-lC, movable about a fixed fulcrum, C,situated 

a little to the left of G, the centre of gravity of the bar. A hook, or 
Bcale-pan, hung from E, is used to carry the load of mass M, whilst D 
18 a bob of mass m movable along AC. The point at which D must 
be placed to maintain the steelyard in a horizontal posiUon enables 
one to determine the mass of the load M. 
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To calibrate the steelyard let Po be the position of D when the 
load is zero ; this point is given by the equation 

m . PqC = (x . CG, 

where fx is the mass of the steelyard. [All masses are expressed in 
stones, where 1 stone = 14 lb.] When the load in the scale-pan is 
1 stone let D be at P,. The position of P, is determined by 

m.PiC=/i.CGH- (1 X EG). 

Subtracting the first equation from this we have 

w . PoP, = 1 X EC. 

Similarly, when the load is 2 stones the position of D is given by 

. PoP, = 2 X EC. 

We see therefore that this instrument may be graduated by engrav- 
mg marks upon the bar such that their common distance apart is 
equal to EC/m, the zero division being at P„ as defined above. 


The Danish Steelyard.— This consists of a bar, AB, Rg 3-17 

termmating in a sphere at B. The other extremity of the’bar carries 
a scale-pan to receive the 

load whose mass is re- 
quired. The pan is fixed, 
so that the mass of the 
load is determined by 
observing the point in 
the rod about which it 
balances. To graduate 

the steelyard let m be the Fia. 317.— Danish Steelyard, 

mass of the whole includ- 



C is the fulcrum 

f'is, l“c“w . :„r * ““ *’■ 


Ms . AO = mjr . GC = mp . (AG - AC). 


Therefore AC = . AG. 

J>1 -{- 

firs^t^l hahTn^H graduate the steelyard it should 

&3t be balanced about its centre of gravity, i.e. G is found. Let us 

further ^sume that the mass m is 1 stone. The middle point of AG 

“““ V ® 1 Simfiarly, when 

i Ir ° ^ Stance 

lo^ “ equilibrium. We therefore see that if the 

load IS n stones the pomt of balance must be such that 
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Friction. — Hitherto it has been supposed that the surfaces of 
bodies in contact have been perfectly smooth, so that the reaction 
of one on the other was always directed along the common normal 
to the surfaces at the point of contact. In practice this condition 
is only satisfied if there is no tendency for relative motion between 
the surfaces: when there is such a tendency, forces are called into 
play and oppose the motion. These forces are due to friction 
between the surfaces in contact. 

The Laws of Static Friction, — -The effects of friction were 
investigated experimentally by Coulomb in the following manner. 
A, Fig. 318 (a), is a board resting on a horizontal table. B is 
a slider which could be suitably weighted in order to vary the 


Fio. 3‘18. 

Coulomb’s Apparatus for Investigating ^ 
the Laws of Static Friction. 

Fio. 3*19. 

thrust between the surfaces of A and B in contact. Attached to 
the slider is a cord passing over a pulley D and carrying a scale- 
pan, S. 

When there is no pull in the cord, the thrust of the board A 
upwards on the slider balances the weight of the latter and the 
system is at rest. When S is loaded there is a pull exerted in 
the string, but, provided that this is lower than a certain limit, 
no motion ensues. Forces exactly balancing the tension in the 
cord have been brought into play and resist the motion. These 
are the frictional forces. It is found that up to a certain limit, 
in any given instance, just enough friction is called into play to 
prevent motion. If the pulling ceases, the forces duo to friction 
also cease, for if they did not the body would move. Friction is 
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a self-adjusting force, for no more friction is called into play than 
is necessary to prevent motion. The amount of friction which 
may be exerted between two surfaces in contact is not, however, 
unlimited, for if the pull in the string is increased gradually a 
stage is finally reached when the body just begins to move ; the 
friction is said to have reached its limiting value, and if the pull 
is further increased the slider is accelerated. 

From experiments carried out on the lines suggested above, 
Coulomb established the following facts : — 

(i) The limiting friction is independent of the area of contact 
between the surfaces so long as the thrust between them is un- 
changed. 

(ii) The limiting frictional force, or limiting friction, is directly 
proportional to the normal thrust between the surfaces in contact, 
when the materials and nature of the surfaces remain unaltered, 
i.e. if F is the limiting value of the friction and N the normal 


reaction between two given surfaces, then the ratio ^ is a con- 
stant.^ It is denoted by //, and is termed the coefficient of 
limiting friction, or the coefficient of static friction. Hence 

F = //N. 

V^en the above slider is just about to move the forces acting 
on it are as shown in Fig. 3*18 (6), where R is the resiiltant of 
the normal reaction N and the friction F. The reaction R is 
inclined at an angle 0 to the vertical, given by0 = tan“i«. This 
angle is caUed the angle of friction. 

Experimental Determination of the Coefficient of Static 
Friction.— -If the surface of the body under examination is flat, 
the coefficient of friction may be found as follows : The body is 
placed on a flat surface, AB. Fig. 3-19, pivoted about a horizontal 
jomt at A. The other end. B, is attached to a bucket. C, into 
which lead shot may be poured to increase the tUt of the surface. 
iiiVentuaUy a stage is reached when the body is just on the point 
of moymg down the plane. Let 0 be the inclination of the plane 
at this moment. The force acting down the plane is then 
. sm 0 which 18 equal and opposite to the frictional force, F, 

reaction, N, the value for which 
18 obtamed by resolvmg forces in a direction normal to the nlane 
IS Mff cos 0. We therefore have ^ ’ 


The value of 0 
repose. 


= tan 0. 

given by this equation is called the angle of 


Kinetic Friction, — When slipping 


occurs between two bodies 


D 
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in contact a frictional force continues to oppose the motion but, 
in general, the magnitude of this force is less than the frictional 
force existing just before slipping occurs. Experiment shows that 
as long as the motion is not too great, the frictional force F' is 
directly proportional to the normal reaction between the surfaces 
and is independent of the velocity, i.e. 

F' = vN 


where v is the coefficient of kinetic friction. 

Suppose that a body of mass m rests on a horizontal table which 
is not smooth. Then N = mg, and F' = vmg when the body is 
moving. Suppose Fj is the force applied to the body. Since Fj 
and F' act in contrary senses, on a body of mass m, its acceleration 
a is given by , 


F, — F' = ma, or a — 




Fj 

In the absence of friction the acceleration would have been — , 

m 


so that the effect of friction is to reduce the acceleration. 

If the body is in motion and Fj ymg, a will be negative and 
the body will bo brought to rest. To start the motion again a 
force greater than ymg will bo required — it will be fung. 


Perry’s Apparatus for determining the Coefficient of Kinetic 
Friction. — The essential parts of this apparatus ore shown in Fig. 3*20 
(a) and (6). A is a heavy wheel capable of rotation about a vertical axis. 



Fio. 3*20. — Perry’s Apparatus for dotorniining the Coofliciont of Klnotio 

Friction between two Surfaces, 


Cj Cj. DF is a lover carrying a scale pan, S^, and having its fulcrum 
on the vertical axis CjCa. When the pan is loaded, as indicated, a 
thrust is oxorto<l by tlio lover on a block, H — the surface of this block 
in contact with tho wheel is flat. Attached to tliis block is a pan, S| — 
the attachment is made by a cord passing over a pulley. The coefficient 
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of kinetic friction to be determined is that appropriate to the surface 
of H and that of the rotating wheel. When the system is stationary, 
H rests against a stop, Gj. The wheel is rotated so that H remains 
about half-way between the stops Gj and G* — it is said to be fn ‘ float- 
ing equilibrium.’ This condition is obtained by varying the load in 
Sj. Under these conditions the friction is equal to mg, the weight of 
the pan and its load. The normal reaction between the surfaces 

Q, 

in contact is Mg' . y where M is the mass of Sj and the load in it. 
[We neglect the mass of the lever.] 

V = coefficient of kinetic friction = ^ 

M a 

Example. A body of mass 4 lb., hanging freely over the edge of a 
rough table, is connected by means of a light string passing over a 
smooth pulley at the edge, to a body of mass 2 lb. resting on the table. 
This is pulled 2 ft. along the table in 0-6 sec. from rest. Wliat is the 
coefficient of friction ? 

Let F poundals be the friction ; T poundals the tension in the cord. 
Then the resultant force pulling the 2 lb. mass is T — F, so that its 
acceleration is given by 

T - F = 2a. 

Using 9 = ia/*, we have a — 16 ft. sec."* 

.*. T — F = 32 poundals. 

Considering the 4 lb. mass, the resultant downward force acting on 

it- is 

128 - T = 4 X 16. 

F = 32 poimdals = 1 Ib.-wt. 

F 

V _ 2^ _ 0-6. 

The Friction Dynamometer. — The principle of this instrument, 
which is an application of the 
frictional forces existing be- 
tween surfaces in contact to 
measure the rate at which 
work is done, is as follows : A 
large pulley wheel of radius r,, 

Fig. 3*21, is rigidly fixed to the 
axle of the engine under test. 

A flexible belt having wooden 
blocks on its under side is 
placed over the outer rim of 
the wheel. One end of this 
belt carries a bucket W into 
which lead shot can be poured 
to increase its mass. The 
other end is fixed to a spiral 
spring attached to some rigid 
support [the floor]. Let r, be 

the outer radius of the belt. Suppose that the shaft makes ti revolu- 
tions per second when the condition of ‘ floating equilibrium ’ has 



Fio. 3‘21.— -Friction Dynamometer. 

[N.B.— The arrow on r, Indicates that r, la 
the radius of the outer surface of the wheel.] 
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This must 


been obtained ; let W be the weight of the bucket and its con- 
tents, while S is the reading on the spring balance. The moment 
about the axis of the shaft of the forces due to the weight W 

( T ~[~ f* 

— 2 — 

be balanced by the moment of the frictional forces F about 
the same axis, viz. Fr,, Now the distance through which the 
edge of the wheel moves against F is 2nr{ti every second, so that 
the work done per second in overcoming friction is 27inr, . F. 
Eliminating F from this equation we find that the work done 
per second is nn (r, + *■») (W — S ). This is the power of the 
engine, since it is the rate at which work is being done. 

Rolling Friction. — To fix our ideas let us consider an engine 
wheel moving along a rail. There is never only contact at a point 
or even along a line normal to the rail, but always over a surface 
due to the elastic deformation of the bodies. Thus there is a 
small sliding motion of those parts of the sxirfaco in contact. 
There is thus brought into existence a frictional torque retarding 
the motion. 


EXAMPLES m 

1. — A force of 7 Ib.-wt. acta on a mass of 29 lb. for 6 sec. How 
far has tho body moved from rest T VVliat is its final momentum T 

2. — Find the resultant of two forces, 6 and 8 Ib.-wt. respootivoly, 
acting on a body with an angle of 67^® botwoen them. If this resultant 
acts on a mass of 1 cwt., determine tho acceleration. Construct tho 
velocity-time curve for the first 4 sec. of its motion. 

3. — Enunciate tho theorem known as the parallelogram of forces, 
and describe an experimental arrangement whereby this law may be 
verified. 

4. — A circular disc has a radius of 10 cm. At a point 7 cm. from 
its centre a circular hole 4 cm. in diameter is punched. Calculate tho 
position of the centre of gravity of the remaining metal. 

6. — A uniform beam 18 ft. long, whoso moss is 1 cwt., is inclined at 
60° to tho vertical. It is held in position by moons of a horizontal 
cord 13-8 ft. from its lower extremity. Calculate the tension in tho cord. 

6. — VVliat force is required to raise a load of 2 cwt. by moans of tho 
second system of pulleys if there are 4 pulleys in tho lower block T 
A similar load is also raised by means of Weston's difierontial pulley 
in which K = 1 ft. and r = 11 in. Compare tho velocity ratios in 
tho two systonos. 

7. — Describe a balance, indicating the features wliioh a good balance 
should possess. 

8. — A body requires 20*61 gm. to hold it in equilibrium when placed 
in one pan of a balance, and 20*73 gm. when placed in the other. 
Calculate its true mass. 

9. — Two masses, 6 and 12 lb. respectively, ore attached to the ends 
of a uniform rod 6 ft. long, mass 3 lb. Where must a 20-lb. mass be 
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placed so that the whole will balance about a point 2 ft. 6 in. from the 
6-lb. mass t 

^0. A moss of 10 gm. placed at the 97 cm. division on a imiform 
metre scale causes the whole to balance when the fulcrum is at the 
65*3 cm. division. Calculate the mass of the scale. 

11. — Two forces^ 3*6 and 6-8 Ib.-wt. respectively, have a resultant 
equal to 81 Ib.-wt. What is the angle between the forces ? Check 
by a graphical method. 

12. — Derive an expression for the time of oscillation of a simple 
pendulum. Explain how the intensity of gravity may be determined 
by means of such a pendulum. 

uniform board ABC in the form of an equilateral triangle 
of 12 in. side weighs 3 lb. and has weights of 4 lb. and 6 Ib. hanging 
from A and B respectively. Find a point from which the board may 

in a vertical plane with AB horizontal 
and C pointing down. Is there more than one such point ? (L.S,C.) 

14.— Explain, giving diagrams of the forces acting in each ckse, 
(a) how It 18 possible to sail a boat against the wind, (6) why the nose 
of a racing motor-boat rises out of the water, (c) why a railway ticket- 
collector leans backwards when alighting from a moving train. 

1 6 . ---H0W would you compare accurately (a) the length of a standard 

yard with that of a standard metre, ( 6 ) the period of torsional oscillations 

of a horizontal rod suspended by a fine wire with that of a seconds 
pendulum 7 

1 ®* — A uniform cylinder of height h and radius r rests with its plane 
base on a rough inclined plane. The angle of inclination of the plane 
may be mcreased gradually from zero. Show that the cylinder will 
topple over before it shdes if 2r/k is less than the tangent of the angle 
of friction. ® 

17. What is the radius of the sharpest bend which may be turned 
without skidding by a motor-car traveUing at 30 ml. hr.-i on a level 
road if the coefficient of friction is 0 - 7 . 

IS-— A body slides from rest down a rough plane in 6 sec. If the 
coefficient of friction is 0*42, and the inclination of the plane 26® 
what is the length of the plane 7 * 

19- The distance between the scale-pan knife-edges in a balance 

is 30 cm. The central knife-edge is at a perpendicular distance of 
1 cm. above the middle point of the line joining the scale-pan knife- 
edges. The centre of gravity of the beam is 2 cm. below the central 
knife-edge. The mass of the beam is 850 gm. ; that of each scale- 
pan 100 gm. Find the deflection of the beam when masses of 50 and 
61 gm. are placed in the pans. ^ 

20- Explain the construction of a good beam-balance, pointing 
out the factors which determine (a) its accuracy, ( 6 ) its sensitiveness 

How could you find the mass of a body if you had to use a balance 
which was not true 7 



CHAPTER IV 

THE ELEMENTS OF HYDROSTATICS 


Density and Specific Gravity. — The density of a substance is 
defined as the mass of the substance per unit volume. A priori 
this statement calls for little comment, for whether 1 cm.* or 1000 
cm.* are used in the experimental determination the same value 
for the density is obtained within the limits of experimental error. 
If, however, one adopts the modern view that all substances consist 
of molecules or atoms which are not in contact with one another, 
and which do not fill the whole of available space, some further 
remarks are necessary. Suppose that some imaginary being is free 
to move in and out amongst the molecules ; his idea of the density 
of the medium will be very different from ours, for the particular 
volume which ho chooses may contain many or a few such molecules, 
or even none at all. These statements are made here to show the 
student that some of our most commonplace ideas, i.e. ideas gained 
from a macroscopic view of things, are very different when the 
structure of matter is considered microscopically. 

The idea of density is frequently confused with that of specific 
gravity, which is defined os the ratio of the mass of a given substance 
to that of an equal volume of water at the same temperature. 
Since this value is a ratio it is independent of the system of units 
used in the experimental determination, whereas the density, being 
a mass per unit volume, must always be expressed in gm. cm.'*, or 
lb. ft.'*, etc. 

Fluids. — Solids are those substances which offer a considerable 
resistance to any force endeavouring to change their size or shape. 
On the other hand fluids, such os alcohol or nitrogen, cannot offer 
any permanent resistance to impressed forces tending to alter their 
shape. The term fluid is used to include both liquids and gases, 
the fundamental difference between liquids and gases being that 
the latter always occupy the whole of the space which is available, 
whereas liquids are always characterized by the presence of a free 
surface. This free surface is horizontal for such masses of liquid 
as are found in pools, etc., but becomes curved when the mass of 
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with the forces acting on the sides, each of which depends on 
the product of two small quantities. Now the forces acting 
normally on the two ends of the prism, are equal and opposite so 
that they may be omitted in the problem before us. Let the forces 
acting normally on the three other faces be ^Fj, 6Fj, and dFj . 
these must be in equilibrium since the fluid is at rest. If the 
angles of the section are a, and y, the angles between the lines 
of action of the forces are {ti - a), {n - p), and (n - y) respec- 
tively — cf. Fig. 4-1 (6). Then 

SF, ^ ^ dF, 

sin {ti — a) sin {ti — p) 8ii» {^ — y) 

_ sin a Bin P sin y [a, 6, and care the 

~~ c * sidesof A ABC.] 

^F, ^ dFy ^ dF, 

‘ ' a , dx b . dx c . Sx* 

where dx is the length of the wedge, i.e. the pressures over the 
faces of the prism are equal. 

Pressure at a Point in a Fluid. — To determine the pressure 
at a point distant h below the free surface of a liquid which is at 
rest, and whose density is p, we imagine a small horizontal area 8 
drawn round P and consider the liquid contained in the right cylinder 
having this area as its base — cf. Fig. 4*1 (c). This cylinder of 
liquid is in equilibrium under (a) the upthrust on the base, (6) its 
own weight, (c) the thrusts due to the pressure of the surrounding 
liquid on its sides. Since these are everywhere normal to the 
surface they have no vertical component, so that for oquihbrium 
the weight, W, of the cylinder of liquid must be equal to the 
upthrust on the base. 

Now, using the c.g.s. system of units, 

W (dynes) = weight of a column of liquid of height h (cm.), and 

cross-sectional area s (cm.*), 

= mass of this column x £/, the acceleration due to 
gravity, 

= [volume of this liquid, v, (cm.®) X its density, p, 
(gm. cm.-®)] X 
= (shp)g (dyne). 

Hence, F, the total thrust on the area s is (8hp)g (djme). The 
pressure P at any point in the base is therefore given by 

F 

P = ~ = {gp^) (dyne. cm.-*). 

9 

From the above we see that the pressures at two points in the 
same horizontal plane in a liquid at rest must be equal. This may 
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be shown by cutting a piece of brass tubing at right angles to its 
axis and arranging the two new ends thus formed in the same 
horizontal plane. To facilitate this adjustment a fiat sheet of 
metal and a spirit level may bo used. A beaker containing liquid 
is then placed so that the ends of the brass tubes are immersed. 
When the liquid is at rest the ends of the tubes must be at the 
same depth below its surface. If the two tubes are connected 
together by means of a T-piece and rubber tubings bubbles of gas 
appear from the two ends at the same time when pressure is applied 
to the open end of the T-piece. In carrying out this experiment 
narrow tubes must not be used since other forces become appreciable 
so that the simplicity of the experiment is lost : the reason for 
this will be noticed later [cf. p. 119]. 

Archimedes’ Principle. — When a body is immersed either 
wholly or partly in a fluid at rest, it displaces a volume of fluid 
equal to that of the immersed portion, and experiences an upthrust 
due to the liquid displaced ; the magnitude 
of this upthrust is equal to the weight of the 
displaced fluid. Let A, Fig. 4*2, be such a 
body. If the body is supposed to have been 
removed, and the space it occupied filled 
wdth some of the fluid, the forces arising 
from the superincumbent fluid are unaltered. 

Now the resultant of these forces just balances Fio* 4-2. 

the gravitational force acting on this mass 

of the fluid, viz. its weight — the above resultant must act vertically 
upwards. When the body was in the fluid these forces were still 
existent and.must therefore have reduced the effect of the earth’s 
attraction on the body, i.e. its weight was apparently diminished 
by an amount equal to the weight of fluid displaced. If the 
body A were suspended from a balance this apparent loss in weight 
would be detected as an apparent loss in mass. 

A similar argument holds when the body is only partly immersed 
in the fluid. 

Experimental Verification of Archimedes ’'Principle. — The 
apparatus commonly employed to demonstrate the truth of the 
above principle is shown in Fig. 4*3. It consists of two cylinders 
A and B which are of such dimensions that the solid cylinder B j ust 
slides into A and fills it completely. When in this position the 
whole is suspended from the arm of a balance and the balance 
equilibrated, [sand may be used]. B is then withdrawn and 
suspended in a beaker containing liquid from below A with the 
aid of the hooks provided. The equilibrium of the balance is 
thereby destroyed, but it may be restored by pouring some of the 
same liquid into A as that in which B is immersed. Equilibrium 
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wiW be established when A is completely filled with liquid. This 

verifies that the upthrust on B when this is 
completely immersed in a liquid is equal to 
the weight of the liquid displaced by B. 

The experiment should also be repeated 
when B is a closed hollow cylinder suoh that 
it floats in the liquid. The procediu-e is 
exactly as above except that a piece of lead 
sufficient to cause the cylinder to sink is 
suspended from A and immersed in the 
liquid throughout the whole time that the 
experiment is being performed. 

In order to vary this second part of the 
experiment the cylinder B is made of iron 
and mercury is the liquid used. A piece 
of tungsten, density 18-4 gm. cm.“®, will 
be required to sink the iron. Brass or 
Fio. 4-3. — Apparatus copper must not be employed in place of 

to verify Arciii- j Binco these metals form amalgams 

medes principle. ® 

with mercury. 

The Principle of Flotation. — If the resultant of the forces 
acting on a body partly submerged in a liquid at rest and due to 
the liquid exactly balances the weight of the body, then that body 
floats. But it has been soon above, that the resultant of these 
forces is equal to the weight of the liquid displaced, so that for a 
floating body it may be said that the weight of the liquid displaced 
is equal to the weight of the body. 

Experimental Methods for the Determination of Density. 



— (a) The density of a solid substance insoluble in water can be 
found by determining its mass in air and then in water. The 
apparent loss in mass of the solid is equal to the mass of the water 
displaced, and since 1 cm.* of water has a mass of 1 gm, the volume 
of water displaced and hence the volume of the solid are known. 
For accurate work account must be taken of the fact that it is 
only when the temperature of the water is 4° C. and the external 
pressure 1 atmosphere that 1 cm.* of water has a mass of 1 gm. 
If an experiment were made at 20® C. how could the volume of 
tho solid be found ? From tables it is known that the density 
of water at 20® C. is 0-998 gm. cm“*. Suppose that the apparent 
loss in mass of the submerged body is 13-61 gm. Then the volume 
is equal to the mass divided by tho density, viz. 


13-61 

0-908 


= 13-63 cm.* 


(6) If the body floats in water it must be caused to sink by using 
a heavy piece of metal called a sinker. Let mj be the mass of the 
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body in air, the mass of the body in air plus the sinker in water, 
and m, the mass when both are suspended together in water. Now 
= wii + apparent mass of s ink er in water, 

= Wj -|- mass of sinker in air — mass of water displaced by 
sinker, and 

wig — apparent mass of both in water, 

= m-i — mass of water displaced by the solid -f mass of singer 
in air — mass of water displaced by sinker, 

= m* — mass of water displaced by solid. 

/. wig — 771 * = mass of water displaced by the solid. 

If po is density of water at the temperature of the experiment, 

the volume of the water displaced is (m* — m^) : this is the 

volume of the solid. The density of the solid is therefore 

WliPo 

(TO, — TO,)' 

(c) The density or specific gravity bottle is a small glass con- 
tainer fitted with a ground glass stopper. A capillary hole in this 
stopper permits an excess of liquid to be removed and at the same 
time ensures a constant volume for the bottle. It is filled with the 
liquid and then cleaned and filled with distilled water, the mass of 
liquid in each instance being determined. The specific gravity of 
the fluid is the ratio of these masses ; the density is easily calculated 
at any temperature as in (a). In using the bottle care must be 
taken to see that no air bubbles remain clinging to the sides of the 
bottle, and that the bottle has been completely filled at the same 
temperature in both instances. 

(d) The density of a solid, available as a powder or as small 
crystals, may be determined with the aid of a density bottle. The 
method will be illustrated by considering how to determine the 
density of some crystals (e.g. sugar, copper sulphate, etc.) which 
are soluble in water but not in some other liquid (e.g. turpentine). 
The following observations must be made. 


Mass of bottle 


ff 


97 


99 


99 


Now 


crystals 

-f crystals and tur- 
pentine to fill 
-f turpentine to fill 
-k water to fill 
Mass of solid vised 

turpentine required to fill 
bottle when crystals are 
present 

turpentine to fill bottle . 
turpentine, the volume of 
which is equal to that of 
the crystals. 


99 


99 


99 


99 


99 


99 


99 


99 


99 


99 


99 


99 


99 


99 


— m 
= m. 


= m. 
= to: 

= TTli 


= (Wg — TMi) 


(m^ 


mj) 


= (7714 - Wli) - (Wg - 7712 
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To find tho vohim(> of tliis mass of turpentine its density must be 
known. But tlie mass of water, of density pp, required to fill the bottle 
i.s (mg — m,). Tlie density of the turpentine is therefore 


m- — mi 


Po 


(m. — m,) — (m, — m,) , 

/, Volume of crystals = ^ 

\mi — 7aj;/>Q 

. (mg - m,) (m4 - m,)/)o 

/. Density of crystals = \ / ^ x 

[(mg — mj — (mg — ma)](m5 — mj). 

(e) If the liquid whose density is required is only available in 
small quantities then its density may be found as follows : — A 
uniform glass capillary tube of suitable diameter (say 1 mm.) is 
selected, cleaned, dried, and its moss determined. A long length 
of mercury is placed in the tube, preferably by attaching a small 
piece of rubber to the tube, placing a bubble of mercury in the 
rubber and applying pressure at tho open end of the rubber tube. 
This operation has a filtering action upon the mercury and enables 
the mercury to be introduced without undue contamination of the 
tube which is the result if suction is applied by the mouth. The 
mass of the mercury is determined. The tube is then filled with 
liquid and its mass found. In either case it is necessary to measure 
the length of the fluid in the tube. If very accurate results ore 
required corrections to this length must be made owing to the exist- 
ence of curved surfaces at tho ends of the column. As a first 
approximation one adds (or subtracts) a length equal to two-thirds 
the diameter ^ of the tube, if the lengths have been measured as the 
distances between the extreme points at which tho mercury (or liquid) 
is in contact with the glass. From the mass m, and corrected length 
Z, of the mercury tho mean radius of the tube is found, for if p is the 
density of the mercury at tho temperature of the experiment, the 

volume of mercury is - and this equals nrH so that 




m 


Ttpl 


If r is small, 7a will also be small. It is then bettor to introduce in turn 
several pellets of mercury, measure the length of each, and determine 
their total mass, — (w), J^ay. Let this be ft — the only mass which 
has to be determined. If is tho total length of nil the pellets, 


r = 


v :TpI 


V) 


I-' 

\ TTpI 


(/) 


* An approximate value of tho diameter is obtained by finding a wire 
which will fit tho tube and measuring it« diametor with a screw gauge. 
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If M is the mass of a liquid whose densit^’^ D is required, and this 
occupies a length L of the above tube, then 

M 


or 



M 

Tir^h ’ 


where r is now known. 



In the above it was stated that the tube should be uniform in 
cross-section. This is only essential if the lengths of the mercury 
pellet and the column of liquid introduced are not equal, but a 
non-uniform tube may be used if the lengths of mercury and 
liquid columns are equal, for the tube may then be used as a 
density bottle of known volume. 

The Internal Radii of Tubes. — The last paragraph has shown 
us how the internal radius of a narrow tube may be found, but the 
same method cannot be extended to wider tubes since the mercury 
would not fill the entire cross-section of the tube. We therefore 
proceed as follows : — A cork is inserted at one end of the tube and 
a little water (or mercury, if greater precision is desired) added so 
that when the tube is vertical the surface of the water is at some 
fiducial mark A. The mass of the whole is found. More water is 
then introduced until the level is at a second fiducial mark B. 


The mass is again determined and from the 
observations the volume of the tube between 
the marks A and B deduced. By proceeding 
in this way any errors due to the shape of 
the cork are avoided. If the length AB is 
known, the radius of the tube can be cal- 
culated. This same method may be used 
to find the radius of a test-tube. It should 
be noticed that this method, like the one 
above, only determines the mean radius of 
the tube. 

" Hydrometers. — Two of the usual forms 
of hydrometer, which is an instrument used 
to determine the density of liquids or solids, 
are shown in Fig. 4*4; the first consists of 
a bulb A, at the lower extremity of which 
there is a small bulb B, containing mercury 
or lead shot. The neck between A and B 
is solid so that the mercury cannot be dis- 
placed. In the pattern shown here the bulb 
B is part of a mercury thermometer the 
scale of which is placed inside A. This 
enables the temperature of the liquid to be 



(a) (h) 

Fig. 4*4. 

(а) A Common or Con- 

stant Mass Hydro- 
meter. 

(б) Theory of a Floating 
Hydrometer. 
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observed without using a second thermometer. To the other 
extremity of A there is attached a long narrow tube which carries 
the scale of the instrument. The scale numbers generally refer 
to density, and the scale is so situated that the number at the 
point where the stem emerges from the fluid in which the hydro- 
meter is immersed gives the density of the fluid. 

The Equilibrium of a Floating Hydrometer (Elementary 
Theory). — Let us assume that the hydrometer is designed for use 
with liquids whose densities are greater than that of water. Let 
O, Fig. 4*4 (6), be the zero mark. 

Let m = mass of hydrometer. 

V = volume of the hydrometer up to its zero mark, 

V = volume per unit length of the stem. 

Then mg is the weight of the hydrometer, and this is the gravi- 
tational force pulling it downwards. Suppose that when the 
instrument floats in a liquid of density p the increase in length 
of the emergent part of the stem is n. Since the total volume of 
liquid displaced is (V — nv), the upthrust of the liquid on the 
hydrometer is (V — nv)pg. For equilibrium 

mg = {V — nv)pg, 
i.o. m = (V — nv)p. 

The Graduation of a Common Hydrometer. — To calibrate 
this instrument, assuming that the stem is uniform in cross-section, 
one may proceed as follows. Suppose that O is the mark to 
which the instrument sinks when it is floated in water of (Jensity 
Po gm. cm. "5 ; letL, Fig. 44 (6), be the mark when the hydrometer 
floats in a liquid of density pj, this density being known or deter- 
minable. Let I be the distance OL. Let X be the mark on the 
stem to which the instrument sinks when floating in a liquid of 
density p. Call OX — x. The problem before us is to determine 
X in terms of /, pi, and p : we then give values to p numerically 
equal to 1 00, 1-01, 1 02, etc., and so find out where these gradua- 
tions must be placed. 

If V is the volume of the instrument up to the mark O, and v 
the volume per unit length of the stem, we have, by the principle of 
flotation, 

V X po = mass of water displaced = mass of hydrometer 
= mass of liquid displaced 
= (V — Iv) . Pi = (V — xv)p. 
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Hence 


XV 


s6 that 




In all accurate work with hydrometers it is very essential that the 
liquid surface .should be clean. The following experiment verifies the 
above statement. A deep glass vessel is thoroughly cleaned and 
provided with a side tube near its base so that it may be completely 
filled with tap-water. A hydrometer is placed therein and the water 
allowed to overflow continuously. In this way a very clear water 
surface is obtained. The flow of water is stopped and the equilibrium 
position of the hydrometer noted. The water surface is then touched 
with a rod which has been wetted in a soap solution : this contaminates 
the water surface and the hydrometer rises — probably one or two 
millimetres. This is because the surface tension [cf. p. 113] of the 
liquid has been reduced and the hydrometer is not pulled down to the 
same extent £is when the surface tension of the water had its maximum 
value, i.e. as when its surface was clean. 


Nicholson’s Hydrometer. — This instrument, which was de- 
signed for determining (a) the densities of solids and (6) those of 
liquids whose densities do not differ very 
much from that of water, consists of a hol- 
low vessel, A, comprising a cylinder and two 
conical portions — cf. Fig, 4‘6. The instru- 
ment carries upper .and lower pans, B and 
C, respectively ; 0 is loaded with lead shot 
so that the hydrometer floats in an upright 
position when placed in a liquid. The 
hydrometer is made of brass and nickel- 
plated so that the tendency for air bubbles 
to cling to it shall be minimized. To find 
the density of a liqxiid the instriiment is 
first placed in the liquid and masses added 
to the upper pan until a definite mark on 
the stem just touches the surface. It is 
generally somewhat difficult to judge this 
coincidence exactly so that it is better to 
solder a bent pin, P, to the stem of the hydrometer and always 
bring the point of the pin into contact with the surface of the 
liquid. This coincidence is best ascertained by looking at the 
reflexion of the pin in the surface of the liquid from a point below. 
If m 1 is the mass in the upper pan and M is the mass of the instru- 
ment itself, then, according to the principle of flotation, the mass 


1 ^ 



Fza. 4’6. — Nicholson’s 
Hydrometer. 
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of the liquid displaced is M + wii. The hydrometer is then washed 
and floated in water when a mass m, will be required in the upper 
pan in order to sink the instrument to P. The mass of the water 
displaced is M + m*. If po is the density of water at the tempera- 
ture of the experiment the volume of water displaced is (M + m*)/po‘ 
This is equal to the volume of liquid displaced. The density of 
the liquid is 

(M_+jni)po 

(M + wia) ■ 


If the instrument is floated in a liquid whoso density differs con- 
siderably from unity, there is a tendency for it to tilt. This may 
be avoided by placing a suitable piece of brass in the lower pan 
during this part of the experiment, and making a correction as 
follows. Let mj = mass in the upper pan required to sink the 
instrument to the mark P when the piece of brass of mass fj. and 
density pj is placed in the lower pan. Then the mass of the liquid 
displaced by the hydrometer is M -f- and the volume of 

the liquid displaced, being the volume of liquid displaced by the 
hydrometer alone plus the volume of the piece of brass, is 

M + m 2 \ I [i density required is therefore 

pQ / Pi 

(M 4- + fi) 

F ~i~ ^1 _j_ —"I* 

Po PiJ 

If a hydrometer is properly used, reliable results are obtained 
even for liquids whose densities do not differ much from unity, 



(6) (c) 


Fio. 4 G. — Principle of the Nicholson (or Constant Itmnorsion) 

Hyclromotor. 
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since the masses of large volumes of liquid and water have to be 
determined. 

To determine the density of a soUd the hydrometer is first floated 
in water as before and the mass required ^o sink the hydrometer to P 
ascertained. Let this be cf. Fig. 4-6 (a). The solid is then 
placed on the upper pan and the mass necessary to sink the instru- 
ment to the same mark again found, cf. Fig. 4*6 ( 6 ). Let this be 
wig, so that the mass of the solid in air is — Wg). The solid 
is then placed on the lower pan when it will be found that a mass 
WI 3 is necessary to sink the hydrometer to the same fiducial mark, 
cf. Fig. 4-6 (c). This mass will be greater than TWg due to the 
upthrust of the water on the solid. Now by the principle of 
flotation, the mass of the water displaced in each instance is equal 
to the mass of the floating object. Hence, considering the state 
of affairs indicated in Fig. 4-6 (c), we have 

Mass of water displaced by hydrometer when floating 
as in (a) + mass of water displaced by solid 

= M + WI 3 + mass of solid in air. 

(M 4 - wij) 4- mass of water displaced by solid 

= M -f- wig 4- wij — wig. 

/. Mass of water displaced by solid 

= (wig — wig). 

If the density of water is pg, the volume of the solid is 


It will be noticed that this method applies equally well to solids 
which float, the only difference being that the solid must be tied to 
the lower pan. This may be done with the aid of a piece of wire and 
if this is allowed to remain on the lower pan throughout the experi- 
ment its mass need not be known. 

Alcoholometry . — ^The term alcoholometry is applied to the deter- 
mination of the strength of spirits. In the days of the alchemists 
rough-and-ready means were used. A piece of cloth was moistened 
^th the spirit and a light applied : ignition indicated strong spirit. 
Sometimes an oil was poured upon the surface of the spirit ; strong 
spirit floated on the surface of the oil. Later the spirit to be tested 
was used to moisten gunpowder — when a light was applied rapid 
combustion indicated a strong spirit ; steady burning indicated a 
spirit which was regaled as ‘ good, rightfull and of vertue * and was 
known as ‘ proof * spirit. In 1666 some friction arose between im- 
porters of French brandy and the customs officials concerning the rate 
of duty chargeable on the liquid. There were two rates. Ad. and 8d. 
per gallon, for liquors of different qualities, and the revenue officials, 
guided by the sense of taste, asked for the higher rate. The decision 
was contested by the importers, but was eventually ratified ; the 


so that its density is 
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test was made statutory in 1670. Fraudulent merchants, however, 
attempted to disguise the taste of their brandies, and so other means 
had to bo found. Boyi^e first thought of using a hydrometer for 
testing spirits, and after various improvements it has become the 
standard instrument for such purposes. 

* Over * and * Under * Proof . — The term ‘ proof ’ is applied to spirits 
having a density 0*91976 gm. cm.—® at 15*66® C. {60® F.); this cor- 
responds to 49*28 per cent, of alcohol by weight or 67*10 per cent, 
alcohol by volume. If the over-proof strength is added to 100, the 
sum rejjresents the number of volumes of spirit at proof strength which 
that particular over-jiroof strength would make. Thus, 100 vol. of 
spirit at 16® over-proof aro equivalent to 116 vol. of proof spirit, 
whereas 100 vols. of 16® under-proof aro equivalent to 84 vol. of proof 
spirit. Absolute alcohol is 76*35® over-proof. 

Sike*s Hydrometer. — This is the particular form of instrument 
used in alcoholometry. It consists of a gilded brass bulb, 1*5 in. in 
diameter, to the bottom of which is fixed a counterpoise. The stem is 
a thin rectangular strip graduated in arbitrary units. Tables ore 
supplied which convert readings into terms of over- or undor-proof 
strengths. 

Stability of Floating Bodies. — The principle of flotation [of. 
p. 74] asserts that the mass of the floating object is equal to the 



mg 


Fio. 4*7. — The Motacontric Height of a Floating Body. 

mass of the liquid displaced. This condition alone is not sufficient 
to determine the equilibrium of the floating object. If it is in 
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equilibrium the weight of the solid must not only be equal to 
the upthrust of the liquid displaced, but these two forces must act 
in the same straight line. 

Now while these two conditions are sufficient to determine the 
equilibrium of the floating body, the stability of that equilibrium 
requires further discussion. 

Consider a floating body (e.g. a ship) in the position of equili- 
brium. If m is the mass of the ship, it is in equilibrium under the 
action of two forces, its weight, where g is the acceleration due 
to gravity, acting vertically downwards through G, Fig. 4-7 (a), 
the centre of gravity of the body, and the upthrust, also mg, acting 
vertically upwards through H, the centre of gravity of the dis- 
placed liquid. The point H is termed the centre of buoyancy. 
Now HG is vertical when the ship is in its equilibrium position. 
We shall assume that this line is marked on the ship and that it 
moves with it when the equilibrium is disturbed. When the ship 
is displaced through a small angle, let the centre of buoyancy 
move to a position H^, Fig. 4*7 (6), in the plane of the diagram. 
The mass of displaced liquid will remain unaltered, but its resultant 
upthrust will now act vertically through H^. If this line of action 
of the upthrust cuts HG produced in M, then M is the fnetacentre 
of the ship, while the distance GM is the metacentric height of 
the ship. 

The ship is now acted upon by a couple and if M is above G this 
couple will tend to restore the ship to its equilibrium position, i.e. 

the equilibrium is stable. Unstable equilibrium follows when M 
is below G. 

To Determine Experimentally the MetacentricJIeight of a 
Rectangular Piece of Wood Floating in Water.— Consider that 
rectangular section ABCD, Fig. 4-7 (c), of the floating body which 
passes through G, the centre of gravity of the body. Suppose 
that the body is displaced through a small angle B by placing 
a body of mass fx at E. lict M be the metacentre whose posi- 
tion is to be determined experimentally, and suppose that GM 
outs AB in O. Let OE — x. If m is the mass of the wood, and 
/X is small compared with m, so that the mass of the displaced 
liquid may be considered constant, the three forces maintaining the 
body in equUibrium are its weight mg, acting vertically downwards 
through G, the upthrust mg acting vertically upwards at Hi, the 
centre of buoyancy in the disturbed position of the wood, and the 
weight fxg of the mass at E which acts vertically downwards. By 
taking moments of forces about Q, the point of intersection of the 
water line with HiM, we obtain GM, for 

mg . GM . sin 6 = . RQ, 


1 
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where R is the projection of E on the water line. If 6 is small, 
sin 0 = 0, and RQ = x cos 0 = a-. 

Hence GM = 

The angle 0 is deduced from observations on the position of a 
plumb-line attached to the wood as indicated. 

Pressure of the Atmosphere. — The earth is surrounded by an 
enveloj)e of mixed gases consisting of oxygen and nitrogen for the 
main part, but also containing carbon-dioxide, water vapour, and 

in smaller amounts argon, neon, krypton 
and xenon. This mixture is a fluid and, 
as such, exerts a pressure. In general, 
this pressure diminishes with Increasing 
altitude, and is such that at distances 
greater than 60 miles above the earth's 
surface, the air is so rarefied as to be 
almost non-existent. Fig. 4-8 shows the 
effect of placing a tube, completely filled 
wth mercury, in a reservoir of this sub- 
stance. Whether the tube is inclined or 
not, the vertical height of the column, 

Fio. 4-8. providing the mercury does not fill the 

tube entirely, is the same in each tube 
and is a measure of the pressure of the atmosphere under the 
prevailing conditions. The vacuum above the upper surface of 
the mercury is called a Torricellian vacuum, and should contain 
only traces of mercury vapour. This space is so called because it 
was discovered in 1643 by an Italian named Torrioelij. Such 
tubes are the essential part of all mercury barometers. 

The Fortin Barometer. — The distinctive feature of this instru- 
ment, Fig. 4*9, is the device used for keeping the level of the mercury 
in the reservoir constant. This permits the use of a fixed scale — 
generally engraved on the brass case. A, surrounding the barometer 
tube, B. The reservoir bottom, C, is made of chamois leather and 
is moved by means of a plunger, the motion being imparted by the 
rotation of the screw S ; this is moved so that the mercury level 
in the reservoir is coincident with the extremity of an ivory point 
P, whenever observations are being made. The tip of P coincides 
with the zero of the scale on A. The above coincidence is examined 
by viewing the reflexion of tlie point in the mercury surface. To 
determine the position of the upper s\xrface of the mercury on the 
scale of A, the tube E, sliding inside A and operated by the milled 
knob D, is adjusted so that its lower end is level with the mercury 
surface. A vernier scale on E enables the position of the mercury 
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surface to be determined. After some months* use air tends to 
find its way along the glass-mercury surface ; this is prevented 
from reaching the vacuum by means of 
the re-entrant glass joint X. The glass 
tube used in such a barometer is shown in 
Fig, 4‘9 (6). 

Boyle’s Law. — Gases are fundamentally 
different from solids and liquids. The fact 
that a given mass of gas is at a certain 
temperature does not define its volume 
definitely, for a gas always occupies the 
whole of the available space in the vessel 
enclosing it. If the volume of the gas is 
increased the gas still fills the whole of the 
vessel, but the pressure it exerts on its 
walls is reduced. Similarly, if the volume is 
decreased, the pressure is increased. Boyle 
in 1662, investigated the relationship between 
the volume of a given mass of gas and the 
pressure to which it is subjected, and his 
r^ults are expressed by the law which bears 
his name : ‘ The volume of a given mass 
of gas at constant temperature is in- 
versely proportional to the pressure to 
which it is subjected’ 

Experimental Verification of Boyle’s 
Fig. 4*10 (a) is a diagrammatic 
representation of the essential parts of the 

vessel A, connected by means of thick rubber tubing to a wide tube 
B. containing mercury. C is a two-way tap leading either to a tube 
D, contammg calcium chloride, or to a tube E. At the top of D 
there IS a rubber bung through which pass E and another tube E 

I^nosT^ be closed by a small glass cap and piece of rubber tubinf 
A loosely packed plug of glass wool, G, at the lower end of f) 
prevents particles of the chloride from entering A The t?p ? 

n ® air or other iTi is 

<ixy. With the tap C closed, B is raised to a considerable 


(b) 


Fig. 4*9.— a Fortin 
Barometer. 
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height. If the mercury level in A continues to change, the tap C 
is leaking, so that this defect must be remedied before proceeding. 

When it has been shown that the apparatus is free from leaks 
the volume of gas in A is noted, and the levels of the mercury in 

A and B are observed by means of the scale 
S. The difference between these two observa- 
tions is a measure of the pressure difference 
between that in A and that of the atmo- 
sphere. If the barometric height is observed, 
the pressure of the gas in A in terms of cm. 
of mercury at room temperature may be de- 
duced. A series of observations with the pres- 
sure in A both greater and then less than 
atmospheric is made. . If now a graph is 
drawn showing the relation between the 
pressure, and V, the volume of the gas, a 
curve is obtained, but its nature cannot be. 
directly inferred. But since it is expected 
that the observations will support the re- 

latiohship p oc i.e. pV = k, where k is a 


V’ 


constant, we should plot log p and log V. 
If the points lie on a straight line whose slope 
is — 1, the validity of Boyle’s law over the 
range of pressures investigated will have 
been established, for log p 4- log V = log k 
= constant, is the equation to a straight line 
whose slope is — 1. The validity may also 

be tested by plotting p against y, when a 

straight line should bo obtained. Its slope 
is K. 

The actual method used by Boyle (1662) 
to establish his law for air was to observe 
the volume of air in the closed limb of a 
U-tubo at atmospheric pressure and then at 
different pressures. Ho assumed the law to 
bo valid and calculated what the volume 
should be for the pressures applied. This 
calculated volume was compared with the 
observed volume and the agreement was found to bo very good. 

[The numbers in Ex. 26, p. 101, have been taken from Boyle’s 
original paper.] 

Experiment, Clean and dry a gloss tube about 40 cm. long and 
0*3 cm. in diameter. Introduce a pellet of mercury about 10 cm. 
long into the tube. Observe the barometric height. Determine the 




Fio. 4'10. — Boylo’a 
Law Apparatus. 
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length of the tube occupied by the enclosed air when the tube is 
vertical and also when the tube is rotated through 180^ in a vertical 
plane, i.e. when the pressure of the enclosed gas is greater and then 
less than atmospheric by an amount depending on the length of the 
mercury pellet. Introduce other pellets into the tube and repeat the 
observations. Hence investigate the validity of Boyle’s law. 

Hare’s Density Apparatus. — This apparatus enables us to 
compare the densities of two liquids, so that if the density of one 
is known, that of the other may be de- 
duced. It consists of two vertical tubes, 

AB and CD, Fig. 4-11. The upper ends 
of these tubes are connected to a T-piece 
and stop-cock, E ; their lower ends each 
dip into one of the liquids under ex- 
amination. By applying suction at E the 
liquids may be brought to convenient 
positions in the tubes. Let us suppose 
that these positions are Pj and Qj re- 
spectively. If D and d are the densities 
of the" two liquids while Hi and are 
equal to the heights of Pi and Qi above 
the exposed surfaces of the liquids, the 
difference in pressure between the inside 
and outside of the apparatus is ^DHi or 

gdhxi i.e. ^ = actual practice 

it is at least inconvenient, and certainly 
undesirable, to adjust the ends of the 
scales S and T so that they are in con- 
tact with the exposed surfaces of the 
liquids. To avoid this, a long pin (or 
screw) is pushed through a piece of wood 
resting on top of the containing vessel in 



Fiq. 4-11. — Hare’s 
Apparatus. 



each instance, the pins being ver- 
tical, andtheir positions adjusted 
until their lower ends just touch 
the liquid surfaces. S and T are 
then used to measure the heights 
of P and Q above the tops of the 
pins, and if the lengths of the 
pins are known, Hj and are 
easOy deduced. 

A series of observations with 
the levels of the liquids at 
different positions in the tubes 
is made, care being taken to see 
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that the tubes are thoroughly wetted. The observations are 
then plotted as in Fig. 4-12 and the best straight line drawn. 
Let K and L be two points on this line and draw KM and LM 
parallel to the axes of reference. It follows that ML and KM 
will be proportional to the same change of pressure inside the 
apparatus, so that if we denote them by H and h respectively, 

grDH = gdhy i.e. ^ Generally the liquid in AB is water so 

that in the c.g.s. system of units D = 1 gm. cm."*, and there- 
fore d =5 gtQ_ cm.“*. 

Buoyancy in Gases. — It has already been shown that any solid 
immersed in a liquid experiences an upthrust equal to the weight 
of the liquid displaced. Gases, too, exert an upthrust on bodies 
in them equal to the weight of the gas displaced. This may 
be demonstrated in the following manner. A, Fig. 4*13, is a 



Fio. 4*13. — Buoyancy in Gases. 


hermetically sealed vessel — a glass globe, for example — suspended 
from one arm of a balance and counterpoised by a mass, B. 
The whole is placed inside a largo bell-jar which may be 
exhausted. As the air is removed from the jar the up-thrust 
on the largo body A is much reduced in comparison with that 
on the counterpoise B. In consequence, the equilibrium of the 
balance is destroyed and A falls. 

Correction for Buoyancy in Determining the Mass of an 
Object. — Let m be the mass of the weights (brass) necessary to 
counterpoise a given object, the weighing operation being carried 
out in air. Let be the density of brass, pj that of the material of 
the solid whose mass is being determined, and p^ that of the air 
under existing conditions. Let M be the true mass of the solid. 
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Then its volume is M/pg, so that the upthrust on it due to the air 
displaced is 

(”) 

On the brass weights the upthrust is Pa- (7- For equilibrium 

M, - ^ 

. .. m[. -g] . 

M = 7n|^l — Pa^~ — po is small. 

The Suction Pump, — A diagrammatic representation of the 
suction or bucket pump is shown in Fig. 4*14 (a). The valves 
A and B are so constructed that they can only move upwards ; 


E% 


• f? 



(<*) A Suction P um p 


Fig. 4-14. 


(6) A Lift or Force Pump 


when the piston or bucket CD is forced downwards any wate. 

^ wLltheto^tfon oTcdI 

eversed. i.e. the piston moves upwards, the water above it closei 
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the valve A and this water is carried upwards and delivered through 
the spout E. The space between CD and B would now be a vacuum 
were it not for the fact that the atmospheric pressure acting on the 
surface XY of the water in the reservoir forces the water past the 
valve B into the cylinder of the pump. On the descent of CD the 
cycle is repeated, the result being an intermittent delivery of 
water from the pump. In dry weather it is often necessary to 
prime such pumps, i.e. water must be poured into the main body 
of the pump in order to make an air»tight seal at CD. If such a 
process is not used the pump will not work. 

The Lift Pump. — As in the preceding pump, there are two 
valves L and M, Fig. 4* 14 (6). and an additional valve N is in a 
side exit. When the piston HK is raised the valve L closes, while 
M and N open, allowing water to pass from the reservoir into the 
cylinder below HK, while the water above HK is forced through 
N upwards into the cylinder. On the downstroko of the plunger 
HK the valves M and N close, and the water is forced through L 
into the receptacles which are being fed. The cycle of operations 
is then repeated. Vessels are often fitted to plunger pumps in order 
to provide a ‘ cushion ’ and so avoid damaging the pump when 
the piston motion is reversed. The air cushion absorbs the shocks 
which are duo to the alternate starting and stopping of the water 
supply. 

The Limitations of the Above Pumps. — Under normal con- 
ditions the pressure of the atmosphere is sufficient to support a 
column of mercury 30 in. in length. Since mercury has a density 
13*6 times that of water the height of a water column which can 
bo supported under similar conditions is 30 X 13‘6 in. or 34 ft. 
This distance represents the maximum theoretical distance between 
the water-level XY and the valve B, cf. Fig. 4T4 (a). In practice, 
owing to imperfections in the pump, it is seldom found that water 
can be raised more than 20 ft. by a suction pump. 

This distance must not bo confused with the height to which water 
can be driven by means of the force pump. This latter height 
depends upon the efficiency of the pump and the strength of the 
valves. A distance of 300 ft. is about the maximum distance 
through which it is safe to raise water in this way. 

The Petrol Pump. — The lift pump finds a useful nppUcation in 
the modern petrol pump for raising petrol from an underground t-ank. 
When the plunger is rai.sed by tho ratchet work, R (shown in tho 
conventional manner). Fig. 415, tho valves V in tho piston aro closed 
and W is opened so that tho petrol rises ; on tho descent of tliO plunger 
W automatically closes, thereby preventing tho petrol from flowing 
back into the tank. At tho same time tho valves V are opened and 
tho petrol is forced upwards into tho glass vessel A, the air in A 
escaping through tho outlet C. When A is filled, any excess of petrol 
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I'y 


B 


driven into it by the lift pump escapes down B and returns to the 
tank. The petrol in A is delivered through the tap T. 

The Siphon. — The siphon. Fig. 4*16 (a), 
consists of a piece of tubing of rather small 

bore CO'5 cm.) bent so that its two arms are 

unequal. If the tube is filled completely 
with liquid and the shorter arm is im- - ■ “ i 

mersed in a liquid, liquid is removed from 
the containing vessel. The column of liquid ^ llr^. 

BC exerts a pressure at C, and when the / t O'')' 

siphon begins to operate the liquid runs out ^ 

at C. The removal of the liquid from this n[ r Ij 

side of the siphon tends to produce a vacuum y ® r 

in BA, and consequently the liquid is drawn — v 

from the reservoir, which is being emptied, 
into the tube. The whole process becomes ^ [j L 
continuous so that there is a steady stream 
of liquid at C. The speed at which the liquid iri iS 

is removed from its container depends upon 
the vertical distance between the level of the ^ i 

liquid and C ; the greater the distance, the 
more rapid -the flow from the siphon. How- 
ever, it must be noted that if the vertical dis- 
tance between A and B exceeds the baro- 

metric height^ expressed in terms of the "• 

liquid in A, then the column AB can no ■ j _ ■ 

longer be maintained and the siphon ceases — — 

to work. For water the above distance is - — — 

30 ft. (about) ; for mercury, 76 cm. The — _ - 

above argument indicates that a siphon will ^ Petrol 

not work in a vacuum. 

A siphon may be rendered automatic by placing some 
capillaries varying between 0*2 
and 1 mm. diameter in a piece 


ir 


W 


Fig. 4*15. — A Petrol 
Pump. 


s 




(a) Siphon. 


T^C ' / 

Fio. 4*16, 


(b) Automatic Siphon. 
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of straight glass tubing and bending the whole so that the shape 
shown in theFig. 416 (6) is obtained. A little molten wax, made 
by melting together 10 parts resin and 6 parts vaseline, is drawn 
into the longer limb of the siphon so that the walls of the glass 
are thinly coated. When the shorter limb is placed in a liquid, 
capillary action causes some to pass into the waxed limb and 
form a pellet. This grows until the vertical distance between its 
ends exceeds the depth of the end of the short limb below the 
liquid surface. The ordinary action of a siphon ensues. 

The Hydraulic Press. — A modern form of the hydraulic press 
first invented by Bramah is shown in Fig. 417. It consists essen- 
tially of a large cylinder, A, filled with water (or oil) in communi- 




Fio. 4*17. — Hydraulic or Bramah Press. 


cation with a smaller one, B. The larger cylinder is provided with 
a piston, G, known as the press-plunger, while the smaller one is 
provided with a piston, H, of much less cross-sectional area. It is 
termed the pump-plunger. Packing glands prevent the escape of 
liquid from the junctions between the pistons and the respective 
cylinders. H is operated by means of a lever, L, which further 
increases the mechanical advantage of the press. When a thrust 
is applied to the top of the smaller piston the pressure in B increases 
80 that a valve, C, opens and the pressure is transmitted to the 
liquid in A. In consequence of this the press-plunger rises and 
compresses any goods carried on a platform attached to the top of 
G. When the lever is raised the valve C closes and D opens so that 
liquid enters B. The process may then be repeated. If, through 
some defect, the piston G fails to respond to the increased force 
acting upon it, the safety-valve K opens and the escaping liquid 
returns to the reservoir M via a channel not indicated in the diagram. 
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To release the pressure on the liquid in A the tap T is opened and 
the liquid returns to M. 

If X and y are the perpendicular distances from the fulcrum of 
the lines of action of the thrust on the smaller piston and of the 
effort F applied to the extremity of the lever, the thrust on H is 

^(f)- If s is the area of cross-section of H, the pressure on the 
liquid in B is 

\^J _Fy 


If S is the cross-sectional area of G, the thrust on its base is 

X 3 

The mechanical advantage of this machine is - . — , i.e. it is the 

X 8 

product of the mechanical advantage of the lever and that of the 
simple press. [The machine is here considered to be an ideal one.] 

It must be noticed that in the above argument we have assumed 
that the pressure on the base of H is exactly the same as that on 
the base of G. This is only true when these are in the same hori- 
zontal plane. If, at any instant, h is the difference in the above 
levels, the pressure difference is gph, where g and p have their usual 
significance. The correction to be applied to obtain the pressure on 
the base of G is therefore variable ; in general it is positive at the 
beginning of the stroke and negative at the end of it. 

Air Pumps. — The simplest form of air pump is the glass filter 
pump shown in Fig. 4'18, The tube A is connected to the water 
supply , while the side tube C leads to the apparatus to be ex- 
hausted. A^ rapid stream of water is forced along A, and this 
produces a jet of water which passes down the tube B. The air 
m the immediate vicinity of B becomes entrapped in the water 
stream and is carried away through D. This process of entrap- 
pmg the air is continuous until a pressure of about 3 cm. of 

merciny is reached— the pump then ceases to reduce the pres- 
sure further. ^ 


If a lower vacuum is required some other form of pump must 

I*® exhausted is not greater than 

consiste <?a Toepler pump. Fig. 4-19, is very useful. It 

consists of a oylmdncal barrel A, about 200 cm.® capacity. At 

the “ a two-way capillary tap T ; by turning this tap 

luch wL t I*"* connection, either with the tube 

U open to ® apparatus to be exhausted, or with C. which 

with a ride^Lr' I of A is a smaUer barrel D, 

Bide tap attached ; any air entering the apparatus via 
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the pressure tubing is entrapped in D and can be removed 
through this side tap. D is connected to a mercury reservoir E, 
by means of pressure tubing. 

To commence operations the reservoir E is raised, T being 
connected to C, so that the mercury fills the barrel A completely. 
T is closed ; E is then lowered a little and T rotated so that B and 
A are in connection. The pressure of the gas in B and the vessel 
to which it is attached forces the mercury downwards in A ; E is 



Fia. 4*18.— A Filter Pump. Fio. 41U.— Toeplor Vacuum Pump. 

lowered until A is nearly filled with the gas. T is then closed 
and E rais^ until the pressure in A is greater than atmospheric. 
When this is so, T is put into connection with A and C so that 
the gas can be removed from A. The operation is repeated ten 
times or more, after which it will be found that no more gas 
can be removed from the vessel which is being exhausted. When 
the mercury in A reaches the tap T, the sound of a good metallic 
click indicates that a low vacuum has been reached. 
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The Sprengel Pump. — A form of this pump wor kin g in conjunction 
with a water pump is shown in Fig. 4*20. The capillary tubes in it 
are 0T5 cm. in diameter, 
the others about 0*5 cm. 

.except where they widen 
out into bulbs approxi- 
mately 2 cm. in diameter. 

The tube A leads to the 
vessel being exhausted. 

Pellets of mercury fall 
from the jet B and entrain 
bubbles of gas as they 
enter the fall tube below. 

The supply of mercury in 
B is replenished from the 
reservoir E which is in 
direct communication with 
a water pump. A capillary 
tube passes down the centre 
of this reservoir, through 
its base, and ends in the 
trough C. At the end of 
this tube there is a T -piece 
to which is attached a fine- 
drawn-out glass tube by 
means of a stout rubber 
tube. When the water 
pump is operating air is 
drawn in through this 
orifice and carries bubbles 
of mercury with it. When 
this mixture arrives at the 
upper end of the tube the 
air passes to the water 
pump while the mercury 
falls into the reservoir. A 
clip, K, controls the rate 
at which air enters the 
apparatvis. 

High Vacua. — When 

th© abov© procedur© btyg 
been duly carried out, the 
degr^ of vacuum may 
be increased by having 
previously attached to the 
apparatus a bulb contain- 

coal is 

nearly all the residual gas and vapoure Fth^^Tn absorbs 

remove vapours]. Instead of using ^ 

at low temperatures if its gas con^nt 

granular gelatinous silica in the ^ better to use 

gives rise to no danger. which is cooled, as this 



Fiq. 4-20.— a Sprengel Pump. 
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but tlioso pumps can only bo used with an auxiliary or ‘ backing * 
puinj), i.e. tlio pressure in tlio apparatus must bo low [ < 1 cm. of mer- 
cury] boforo tliey will work. Tho mercury vapour pump described 
below is capable of producing an X-ray vacuum when backed by a 
filter pump, but tho best mercury vapour pumps require to bo backed 
by a rotary vacuum pump — cf. tho next section. The modem con-' 
densation jiump was originally designed by Langmuir, but nowadays 
there are many patterns. Onedesigned byWARAN is showninFig. 4-21. 
Mercury is boiled in a vessel A [since tho pressure is low, tho temperature 
is seldom above 180® C.] and a mcrciu’y vapour jet is formed at C. 



Fio. 4-21. — Mercury Vapour Pump (or Diffusion Pump). 


'I'lio vessel to bo exhausted is connected at B, wliilst a water pump 
is attached to S. Around tho wide tube into wliich tho nozzlo C projects, 
thoro is a water jivcket, through which a constant stream of water 
flows. Consider tho stato of things in tho neighbourhood of tho jet. 
Molecules of mercury vapour and of tho gases will tend to intermingle. 
Tlu'y are said to dilTuso. The mercury vapour, which diffuses towards 
B, is condensed, wliercns the gaseous molecules diffuse towards S and 
an) withdrawn by tho water pump. In this way a very low vacuum 
is reached, but ono must not imagine that all tho molec\ilos have boon 
removed oven in tho highest vacua which have boon produced. Thoro 
still exist in such vacua about twenty millions of molecules per mm.*, 

A Rotary Vacuum Pump. — Tho pximp sho'wn in Fig. 4-22 is 
dasigned for tho production of a high vncuuin and tho exhaustion of 
vessels of largo capacity. It works directly from atmospheric pressure 
and being entirely immersed in oil tho leakage of air into tho high 
vacuum i.s prevented. Tho pimip consists of an outer steel casing, C, 
through which is bored a cylindrical chamber, D. A shaft, M, runs 
througli tins chamber, its axis being parallel to bxit eccentric from tho 
axis of tho cliambor. This shaft revolves about its own axis and 
always touclies tho periphery of tho chamber D at tho point E. On 
eacli side of this point is a port— ono an inlet, F, and the other on outlet, 
G. which IS fitted with a spring-loaded valve, H. In the shaft M is a 
slot in winch two plates, P and Q. are froo to slide to and from tho 
axis of tho shaft. These two plates are kept apart and their extremo 
edges forced against tlio periidiery of tlio chamber D by a series of 

springs placed at right angles to the axis of the shaft— ono of those is 
shown in sectional view. 
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The action of tho pump is as follows. Let us consider the position 
shown in the diagram. The shaft M is rotating in an anti -clockwise 
direction and the effective sjlace between the chamber D and the shaft 
M is divided into two portions, S and T. As the shaft rotates, remem- 



beriiig plate Q is touching the wall of the chamber, the portion 

S onla^^s^nd air is drawn in from the vessel to be exhausted through 
the ^et pipe K. The portion T is getting smaller and any air in it 
will be compressed. When the pressure is sufficiently great this air 
escapes through the exhaust valvo. Thus the pump will exhaust air 
from a vessel to which the inlet pipe K is connected. 

The Measurement of Low Pressures. — When it is necessary to 
Iniow the pressure inside a partially exhausted vessel a manometer 
18 used. This consists essentially of a U-tube closed at one end. The 
closed end is completely filled with mercury but there is only a small 
amount in the other limb of the tube. When the manometer is con- 
nected to a vessel from which the gases are being removed gradually, 
a point is finally reached when the mercury begins to descend in the 
closed limb of the tube. Finally the difference in level between the 
mercury surfaces in the two tubes becomes constant and is then a 
measure of the pressure of the remaining gas in the vessel which is 
under evacuation. Such manometers possess several disadvantages : — 
(a) The vacuum in the closed limb is gradually destroyed by gases 
which creep between the mercury and gloss surfaces. 

(^) If the apparatus suddenly develops a leak the mercury is forced 
rapidly into the closed limb and the impact is sufficient to cause a frac- 
ture of the manometer. 

(c) The instrument is not sensitive at low pressures. 

(a) The mercury tends to stick to the glass so that it becomes difficult 
to observe the true pressure. 
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Tho first two disadvantages can bo minimized by tho use of a device 
due to Waban. A small glass reservoir R, Fig. 4-23, is joined by moans 

of capillary tubing to tho usual form 
of manometer. The whole is filled with 
mercury as before. When the pressure 
upon tho free surface of the mercury is 
diminished, at some stage the mercury 
recedes from tho point A. If at this 
stage the instrument is tapped gently, 
tho continuous thread of mercury in 
tho capillary tube is broken and the 
mercury assumes the position shown in 
tho diagram. Tho capillary tube space 
is then an almost perfect void, so that 
tho height BC is a true representation 
of tho pressure at C. 

After some time gases may make 
their a})pcaranco in the capillary ; they 
aro removed by subjecting tho mano- 
meter to atmospheric pressure, thereby 
forcing them into R. By constricting 
tho open limb of tho U-tube os shown 
in tho diagram, the motion of tho mer- 
cury is retarded so that a fract\u*o from 
tho causes mentioned above becomes 
a very remote possibility. 

The McLeod Gauge. — Since it is 
Jio.4-23.-— ManomotorwithRe- impossible to use a morciuy mono- 
generative Vacuum Device. ^eter to measure high vacua (such os 

t>xist in wireless valves) it is important 
to discover a means whereby this may bo done. McLeod is respon- 
siblo for tlio gauge which is frequently used for this purpose. A 
bulb A, Fig. 4 24 (a), of known volume V, has fixed to its upper 
oxtroinity a capillary tube DE, tho volume of which per unit length 
IS known. Tho tubo BC loads to tho apparatus in which it is desired 
to measure tho pressure. A reservoir F contains mercury and is attached 
to the gauge proper by means of prossiu*o tubing G. When tlio reservoir 
If 18 lowered through a distance greater than that equal to tho baro- 
metric height (say 80 cm.) below tho level B, then A is in direct contact 
with the exhausted vessel, and is theroforo filled with gas at a prossiuo 
p, which 13 tho pressure to bo determined. When F is raised, the 
mercury divides at B and entraps a volume V of gas at pressure p ; 
by raising if still more this gas can bo compressed into tho capillary DE. 
lo denvo a value for p tho mercury in O may bo adjusted until it is 
level with tho closed end D of tho capillary tubo. Then tho pressure 
ot tho g^ m DE IS measurod by h, wliero h = DE. Now Boylo’s law 
L^. p. 86] states that tho product of tho pressure (p) and tho volume 
(V) 13 constant for any given mass of gas at constant tomporaturo. 
Applying this to tho mass of gas entrapped in tho capillary, we have 

py = 

tlh^ conosponding to tho length DE of tho capillary 

/tx h^v 

if V is tho volume per unit length of tho capillary. 




ELEMENTS OF HYDROSTATICS 


99 

« If such a gauge is to be reliable the enclosed gas must bo for 
water vapour does not behave like an ideal gas. 

In the more recent forms of 
this instrument a piece of glass 
tubing of the same diameter as 
that used for DE is sealed in 
parallel with the side tube C as 
shown in Fig. 4-24: (6). When 
reading the difference in levels of 
the mercury in the tube E and 
that leading to the vacuum, it is 
the levels in E and this other 
tube which must be recorded. 

This is because the surface 
tension of mercury is such that 
it is depressed in narrow tubes 
to an extent depending on the 
diameter of the tube. The effect 
is eliminated, however, by xising 
tubes of the same diameter. 

The Absorption of Gases. — 

The process of obtaining a high 
vacuum is by no means as simple 
as the above remarks would in- 
dicate. It is found that after a 
certain time, depending on the 
pump and the nature and size of 
the vessel to be exhausted, the 
pressure ceases to be reduced. 

This is because gases are evolved 
from the surfaces of all sub- 
stances when the external pres- 
sure is very low. The rate at 
which these gases is expelled is 
greatly increased when the temperature of the surface is raised. The 
vessels to be exhausted are therefore heated cautiously with a gas 
flame and the pumping continued. 

If, as in a wireless valve, there is some metal to be degassed, it is 
subjected to a heavy electron bombardment. We shall learn later that 
electrons are emitted when a metal is heated to high temperatures. A 
filament is therefore placed near the metal (or the filament of the valve 
used) and its temperature raised electrically. A large positive potential 
is then applied to the metal, while the filament is earthed at one point. 
The electrons are attracted to the metal and strike it with considerable 
velocity. They lose their kinetic energy which appears as thermal 
energy [heat], and it is this energy which is responsible for the liberation 
of the occluded gases in the metal. 


C 



w 

Fio. 4*24.— McLeod Gauge for 
Measuring Low Pressures. 
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EXAMPLES IV • 

1. — Calculate the mass of lead» density 11*3 gm. cm."*, which must 
be attached to 105 cm.* of wax (density 0*86 gra. cm.~*) in order that the 
apparent mass may be zero when the whole is placed in a liquid whose 
density is 1-04 gm. cm."*. 

2. — A U-tube contains mercury, density 13*6 gm. cm."*. A liquid 
whoso density is 1*23 gm. cm.“* is poured into one limb so that the 
difference between the mercury levels is now 3-67 cm. What is the 
length of the column of liquid T Can you make any statement con- 
cerning the mass of the liquid which has been added 7 

3. — The height of a water barometer is 34 ft. Find the pressure 
in atmospheres 1 mile below the surface of sea water (density 1026 
pm. cm."*). Also express this pressure in ton.-wt. ft.-* [1 cu, ft. of 
water has a mass of 1000 oz.]. 

4. — Find the pressure due to a column of air 1 mile high if the 
density of the air is uniform and equal to 0 00129 gm. cm.-*. Describe 
how a barometer may be used to determine the height of a mountain. 

6. — A rectangular tank measures 4 ft. by 3 ft. at the base. It is 
filled with water to a depth of 8 in. What is the depth when a stone 
(1 ft. cube) is dropped into the tank 7 

6. — Wliat do you understand by the principle of flotation 7 An iron 
cylinder 12 0 in. long floats vertically in mercury. The densities of 
iron and mercury ore 7-8 and 13-6 gm. cm.-* respectively. Calculate 
the length of iron immersed. 

7. — Define the term density. How would you proceed to determine 
the density of a powder such as plaster of Paris 7 

8. — How would you determine the density of a newly-laid egg 7 . 

9. — Sketch and describe the experimental arrangement you would 
use in order to obtain a good vacuum. How would you measure the 
final pressure obtained 7 

10. — A piece of glass tubing sealed at both ends has a mass 18'26 gm. 
If the density of glass is 2* 63 pm. cm.-*, calculate the volume of the 
air space enclosed in the bulb if the whole has an apparent mass of 
6*37 gm. in water. 

11. — The space above a mercury column contains some air. The 
mercury column is 28*40 in. long and the space above is 3*06 in. long. 
This tube is then pushed downwards into mercury so that the column 
is 28*14 in, whilst the air space is 2*34 in. What is the true height 
of the barometer 7 

12. — What mass of lead, density 11*3 gm. cm.-* must be added to 
a block of Balsa wood 3*26 cm. x 8*40 cm. x 9*62 cm., and density 
6*0 lb. per cu. ft., so that it will just float in water T [1 lb. » 453*6 gm., 
1 ft. = 30*48 cm.] 

13. — A pellet of mercury, density 13*59 gm. cm.-* moss 5*278 gm., 
has a length 20*4 cm. when introduced into a narrow tube. What is 
the average radius of this tube T Some liquid is then placed inside 
the tube and the length of the column is 18*9 cm. What is the density 
of the liquid if its mass is 0*467 gm. 7 

14. — WTiat is meant by the statement that the pressure of a coal 
gas supply is 12 cm. of water 7 If the pressure of the gas supply at 
ground-level is 12 cm. of water what will bo the pressure of the supply 
at the top of a building 25 metres high if the relative densities of gas, 
air, and water are os 1 : 2 : 1,450 7 

16. Explain the conditions on which floating depends. A cork of 
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specific gravity 0*26 floats in sea-water of specific gravity 1-25 with 
10 cm.* above the surface. Calculate the total volume of the cork. 

16. — Define density. If the density of glass is 2-265 gm. cm.-*, 
express its density in terms of the lb. and yard when these are the 
units of mass and of length respectively. [1 lb. = 463-6 gm.. 1 in. 
= 2-540 cm.] 

l^*^ — If you were supplied with some turpentine and some ice, 
describe how you would determine the density of the ice without 
using any form of balance or * weights.* 

18. A body ‘weighs* 86-0 gm. in air, 72-4 gm. in one liquid and 

63-9 gm. in another liquid. In a mixture of these liquids it ‘ weighs ’ 

67-1 gm. Calculate the proportion in which the liquids have been 
mixed. 

19. — A solid whose density is 12-4 gm. cm.-» is weighed in air. It 
is found that its mass is 284 gm. when brass weights having a density 
7-8 gm. cm.-* are used. If the density of air is 1-25 gm. litre-i, 
calculate the error due to neglecting the buoyancy of the air. 

20- — ^A cylinder of 0-3 cm.* cross-section is loaded at one end and 
the whole has a mass of 6-43 gm. In water it is found that 1-8 cm. 
project above the surface. Calculate the amount of this projection when 
the cylinder floats upright in a liquid whose density is 1-37 gm. cm."*. 

21. — Describe a modem form of barometer. What is a bar ? Cal- 
culate the number of bars in one standard atmosphere. 

. 22. The pressure at a depth of 100 ft. in a fresh-water lake is three 
times the pressure at a depth of 11 ft. Determine the height of the 
mercury barometer in cm. [Density of mercury = 13-6 gm. cm.-*.] 

23. — A column of mercury is placed at the middle of a uniform 
glass tube and both ends of the tube are closed when the tube is hori- 
zontal, and the pressure everywhere 76 cm. of mercury. The tube 
13 then placed vertically and it is found that the length of the tube 
occupi^ by the air above the mercury is twice as great as that occupied 
by air below the mercury. What is the length of the mercury column ? 
. II a series of observations of the volume, F, of dry gas enclosed 
m a Boyle s law apparatus and the excess pressure (p) inside the 
apparatus were made, explain how the atmospheric pressure may be 

deduced from a graph showing the relation between p and 

25.— Describe how you would proceed to verify Boyle*s law. The 
height of a faulty barometer which has a little air in the space at the 
top of the merely column is 28-6 in. when the barometric height is 
29-1 m., and 29-2 in. when the true height is 30-1 in. Calculate the 
barometric pressure when the instrument indicates 28-9 in. 

following figures are taken from the treatise in which Boyle 
published an account of one of his experiments made to determine the 
relation between the pres^e and volume of a given parcel of air at 
room temperature. Use them to find a value for the height of the 
barometer on the day when this experiment was made. 


Length of tube occupied! 
by air (inches) j 

lu 

10^ 

9 

8 

1 

< 1 


3 

Excess pressure of the air*) 
inside the tube over at- 1 
mospheric pressure out- f 
side (inches of meroupy)J 

1 

1/fI 

4^ 

1 

1 

10ft 

1 

1 1 

1 , 

15* 

32A 

48!^ 

88* 



CHAPTER V 


CONCERNING THE NATURE OF FLUIDS 

The Brownian Movement, — To an observer standing on the 
landward side of a breakwater the nature of the tempestuous seas 
beyond that breakwater can be inferred from the rolling and pitching 
motions of the ships which will bo more excessive than usual. To 
the eye, aided by the most powerful of microscopes, the motion of 
molecules cannot be made visible. If, however, some smaU particles 
of gamboge suspended in a liquid are observed with the aid of a 
microscope, it vnU be found that these particles are always moving, 
not in any fixed direction, but in all random directions. The actual 
motion of a particular particle is very irregular, and perhaps the 
most striking feature of this phenomenon is that the motion never 
ceases. This phenomenon, discovered by an English botanist 
Brown early in the last century, has been observed in liquids con- 
tained in the enclosed cavities of some varieties of quartz, and these 
cavities and the liquids in them will have been there for thousands 
of years. It has been concluded that this eternal motion of the 
suspended particles cannot be due to any external agencies, but must 
bo attributed to the movements of the molecules which constitute 
the liquid. 

The Brownian motion can also be detected in collosol oil of 
iodine. This substance is applied to the patient's skin in cases 
where it is necessary to alleviate the pain due to rheumatism, 
sciatica, etc. The small particles of iodine are participating in 
this so-called Brownian movement, and consequently they are able 
to pass very readily through the skin and into the body. 

Diffusion. — Let a quantity (say 25 cm.*) of a concentrated nickel 
(or copper) sulphate solution be placed at the bottom of a tall glass 
cylinder, the remainder of the vessel being filled with water. A 
glass cover prevents evaporation. Such a coloured substance is 
chosen so that the movements of the resulting solution may be 
observed easily. At first the lino of demarcation between the water 
and the solution is well defined, but it becomes obliterated after a 
lapse of several days. The dissolved substance has moved upwards 
against the pull due to gravity, i.e. it has moved to a region where 
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the concentration of the salt in solution was less. The rate at which 
this transference of the dissolved substance takes place is very slow. 
It would be very difficult to explain this phenomenon if the mole- 
cules of the liquids were not in a state of continual irregular motion. 
The molecules of the dissolved substance — or, in the case of . 
electrolytes, the ions in the solution — behave, in this respect, 
like the molecffies of a gas, and the process by which molecules 
in different solutions move from regions of higher to those of lower 
concentration, or the molecules of one gas intermingle with those 
of another is called diffusion. In a gas the molecules are at rela- 
tively large distances from one another and so are free to move. 
The molecules of the dissolved body in a solution may be regarded, 
for some purposes, as being distributed throughout the solvent ; the 
solvent has merely made it possible for the constituent molecules 
of the dissolved body to occupy a space much beyond the original 
confines of the crystal. 

The Diffusion of Salts in Aqueous Solution.— In 1850 
G baham published his first paper on the diffusion of salts in solution, 
and in 1882 a further 
study was made by 
SoHEFFEB. In principle 
the apparatus they used 
is shown in Fig. 6*1 (a). 

A small glass cylinder. A, 
rests on two horizontal 
glass rods supported in- 
side a larger glass vessel, 

B. A is nearly filled 
with the solution under 
investigation, and a cork, 

C, floats centrally on the 
liquid. A vertical knitting 
needle attached to this 
cork can move upwards 

in a narrow glass tube, D, held in position by a clamp and stand 
(not shown). By this means the cork is kept in a central position. 
Water is contained in the dropping funnel, E, and it is allowed 
to drop on to the top of the cork, which has been thoroughly wetted, 
at the rate of about three drops per second. A layer of water 
soon appears on top of the solution, and when the cork is clear of 
the solution, it may be removed, and the vessel. A, completely 
filled with water. The whole of A is then surrounded by water 
as in Fig. 6*1 (6), The temperature is kept constant to avoid 
convection currents. At first there is a distinct boundary between 
the solution and the water. As a result of the process called 





Fio. 6’1. — The DiffuBion of Salts in 
Aqueous Solution. 
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diffusion this well-defined boundary soon disappears. By deter- 
mining the amount of solute which had escaped from the inner 
vessel into the outer one, it was found 

(i) the rat© of diffusion depends on the nature of the dissolved 
substance, so that the ratio of the amounts of two substances 
present in a solution may alter on account of diffusion, 

(ii) the rate of diffusion is directly proportional to the concen* 
tration of the dissolved substance, 

(iii) a rise in temperature augments the rat© at which diffusion 
takes place. 

Pick’s Law. — Four years after the publication of Graham’s 
first paper on diffusion, Pick, guided by Fourier’s work on the 
conduction of heat, enunciated the following law. The mass, m, 
of a substance in solution passing across an area A per second 
is directly proportional to the rate at which the concentration, 
c, of the dissolved substance diminishes in a direction at 
right angles to the plane of the area A. In 85 anbol 8 

m jAc 

A ~ 

dc 

where D is the coefficient of diffusion, and is the rate at which 

ax 

the concentration increases with the distance x. 

The Passage of Gases through Porous Bodies. — The diffusion 
of two gases is not prevented but only hindered when a thin porous 
wall or membrane separates them, but the actual rat© at which 
the gases intermingle depends upon several factors. If the pores 
through which the gas passes are short in comparison with their 
diameters the gas flow is similar to that of water through a hole 
in the side of a thin-walled container. This process is known as 

effusion. The velocity of effusion is proportional to a/?, where 

^ P 

p and p are the excess pressure of the gas above that of the surround- 
ing air and the density of the gas or gas mixture passing through 
respectively. When the pores are reduced in diameter the flow 
of gas, for a given difference in pressure between the ends of the 
tube or pore and provided that the pressure difference is not so 
large that turbulent motion ensues, is controlled by the viscosity 
of the gas [cf. p. 130]. In both these instances the gas passes 
through as a whole so that if it were a mixture of gases no partial 
separation would bo effected. Conditions are very different, how- 
ever, w'hen the pores are so fine that their diameters are comparable 
with those of the gas molecules, Grait.mm, who first investigated 
these phenomena about 1840, discovered that the rate of diffusion 
at a given temperature was directly proportional to the difference 
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in pressure between the two sides of the membrane, and inversely 
proportional to the square root of the density of the gas. This is 
known as Graham*s Law of diffusion for gases. 

Hence, for a given pressure difference, hydrogen diffuses four 
times as quickly as oxygen through the same membrane, since, 
under the same conditions, the density of a gas is directly pro- 
portional to its moleciilar weight. This implies that if an oxygen- 
hydrogen mixture is introduced imder pressure into a porous vessel 
the mixture passing through will be four times as rich in hydrogen 
as in oxygen. 

The diffusion of gases through porous media may be investigated 



experimentally with the aid of the apparatus shown in Fig. 6»2 (a), 
A glass tube 60 cm. long and 0*5 cm. wide passes through a cork 
from a porous pot A to a vessel containing coloured water. The 
cork is pushed well within the pot and covered with sealing-wax 
to make the joint air-tight. A large jar is held over the pot and 
coal gas introduced into it. Bubbles of gas at once escape from 
the tube at C showing that the pressure in A is tending to increase. 
If the jar is removed the stream of bubbles at once ceases and the 
liquid rises in the tube. The bulb B is sufficiently large to prevent 
liquid from reaching A. In the first part of this experiment the 
coal-gas passes more rapidly into the pot than the air inside can 
escape, so that the pressure rises. In the second part, the coal-gas 
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which has found its way into the pot diffuses out more rapidly 
through the walls than the air does inwards so that the pressure 
inside is reduced. 

A similar experiment may be made using carbon dioxide instead 
of coal gas. For this purpose the apparatus is arranged as in Pig. 
5*2 (6). A jar containing the carbon dioxide is placed so that 
there is an atmosphere of the gas round the porous pot. The 
liquid rises in the tube, showing that air is diffusing more rapidly 
from the pot than carbon dioxide is diffusing inwards. When the 
jar is removed, the pressure inside the apparatus increases and, 
depending on the relative amount of carbon dioxide which has 
entered the pot, a bubble of gas may escape from the tube immersed 
in the liquid. 

The Diffusion of Solids. — Diffusion in solids has been investigated 
by Sir KonniiTS-AusTEN, wlio pltvced an alloy of lead and gold (6 per 
cent, gold) in contact with a piece of lead, the two surfaces in contact 
being accurately plane and held together under pressure. The whole 
was heated at 1C5® C. for one month. On analysing various sections 
it was found that diffusion had taken place. The experiments were 
repeated at room tomporature when it was observed that diffusion still 
occurred, only at a diminished rate. 

The diffusion of ono solid into another finds an important application 
m the ‘ cementation ’ process of converting iron into steel. The iron 
18 iiloced in intimate contact with powdered carbon and then heated. 
The depth to which carburization takes place depends upon the tem- 
perature and time of heating. 

Osmosis. — When red blood corpuscles are placed in water they 
expand rapidly and ultimately burst, but if they are placed in a 
strong salt solution they shrivel up. This phenomenon is char- 
acteristic of tho membranes surrounding many animal and vegetable 
cells, for these allow water to pass through freely but retard or 
entirely prevent the passage of solids. Osmosis is the name given to 
this spontaneous passage of a liquid through a membrane. Its 
effects were first observed by the Abb6 Nollet in 1748, but it 
was left to a botanist, Pfefi-'er, to investigate it quantitatively. 
A piece of wet parchment paper is stretched over the end of a large 
thistle funnel and when nearly dry it is coated with glue along the 
boundary. The inverted funnel is partly filled with a solution of 
sodium chloride, cane-sugar, or some other substance, and immersed 
in water [cf. Fig. 6-3]. After standing for some time the level t)f 
the solution will liave risen considerably ; water must have passed 
through tlio parchment into the solution. This statement is not 
complete, for water will have passed from the solution into the water 
in the beaker at tho same time os water passed from the beaker 
into the solution. This osmotic flow arises from the bombardment 
01 the molecules upon the membrane ; on the one side there ore 
only molecules of water arriving at the membrane, whilst on the 
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other hand there are molecules of water and solute as well. Now such 
membranes are only slightly permeable to dissolved salts and the 
resultant effect is that more water molecules pass in one direction 
than the other. 

An osmotic flow of the solvent is also observed when a membrane 
separates two solutions of the same nature but differing in concentra- 
tion. The flow of solvent is such that the concentrations of the 
solutions tend to become equal, i.e. there is an excess of solvent 
passing from the weaker to the stronger solution. 



Fig. 6’3. — Osmosis. Fio. 6-4. — The Measurement 

of Osmotio Pressure. 


Semipemieable Membranes. — A membrane which permits 
the solvent but not the solute to pass through it is termed a semi- 
permeable membrane. One of the best-known membranes of this 
class is copper ferrocyanide. 

Experiment* Place a weak solution of potassium ferrocyanide in 
the bottom of a beaker and when it has ceased to move introduce 
a strong solution of copper sulphate so that it lies below the feixo- 
oyanide solution. A thin gelatinous precipitate of copper ferrocyanide 
is formed : it separates the two solutions. The membrane does not 
increase in thickness since the dissolved substances cannot pass through 
it, but after the lapse of about two hours it will be seen that the mem- 
brane has a distinct bulge upwards. This proves that more water 
passes downwards than flows upwards, and hence that the copper 
solution has the greater osmotic pressure. 

Osmotic Pressure. — ^The membrane of copper ferrocyanide pre- 
pared in the above experiment is too fragile to support more than a 
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small pressure difference, but its stren^h is very considerably in- 
creased if it is produced in the walls of a porous pot. To prepare 
this membrane the porous pot is boiled in distilled water for several 
hours to remove air bubbles. A 0-25 per cent, solution of copper 
sulphate is then placed inside the pot and a 0-21 per cent, solution 
of potassium ferrocyanide outside. Each solution should reach 
very nearly to the top of the pot. Diffusion occurs and the two 
dissolved substances meet inside the walls of the pot where a 
membrane of copper ferrocyanide is formed. This process should 
be allowed to continue without interruption for two days. The 
pot thus prepared is boiled in several changes of distilled water 
and is then ready for use. If allowed to become dry it should be 
boiled for several hours to e.xpel all air again. 

If such a pot, provided with a rubber bung carefully waxed in 
position and provided with a long capillary tube, is filled with a 
saturated solution of cane sugar and then immersed in water, the 
‘ change in level of the liquid in the capillary is very rapid. After 
several days a tube 1 mm. in diameter must be several metres 
long if the liquid is not to exude from it. This spontaneous differ- 
ential flow of liquid through the membrane can be completely 
stopped by the application of a suitable pressure ; the flow is 
reversed if the pressure is increased beyond this value. 

Definition . — That pressure which must be applied to a 
solution to prevent the spontaneous differential flow of 
liquid through a semipermeable membrane separating the 
solution and solvent is termed the osmotic pressure of the 
solution. 

To determine the osmotic pressure of a weak aqueous solution 
the apparatus shown schematically in Fig. 6*4 may be used. A 
mercury manometer, M, with one limb closed and containing air, 
or better, nitrogen, is connected to the porous pot, A, containing 
the solution. This solution is introduced through the tube B, 
which is afterwards hermetically sealed and the air in the connecting 
tubes disi>laced by some of the solution so that temperature changes 
do not affect the volume between the pot and the gauge. Water 
enters the solution and the pressure inside the pot increases. 
Ultimately this pressure ceases to change and this constant pressure 
is the osmotic pressure of the solution. It is calculated from 
the change in volume of the gas (air) in the closed limb of the 
manometer. The serious objection to this method lies in the fact 
that the water entering the solution changes the concentration 
of the latter so that the readings do not correspond to the osmotic 
pressure of the original solution : neither do they to the final 
solution, for its concentration is not uniform and it is the con- 
centration of the solution in the immediate vicinity of the mem- . 
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Ibrane which determines the osmotic pressure which is measured 
It is better to measure the external pressure which must he 
applied to the solution to prevent the passage of the solvent. Such 
methods must always be used for concentrated solutions. Lord 
Berkeley and Hartley have developed this method, but their 
^.pparatus is too complicated for a detailed description here. 

The Fundamental Laws of Osmotic Pressure. — (a) At 
constant temperature the osmotic pressure of a dilute solution is 
directly proportional to the concentration of the solute in the 
solvent, i.e. it is inversely proportional to the volume of the solvent 
containing a given mass of dissolved substance. 

(6) The osmotic pressure of a dilute solution is directly pro- 
portional to its absolute temperature. 

The analogy between these two laws and those of Boyle and of 
Charles is very apparent : in fact, the osmotic pressure of a dilute 
solution is the pressure which the dissolved substance would exert 
if it existed as an ideal gas occupying the same volume and being 
at the same temperature as the solution. 

The above laws apply to dilute solutions of non-electrolytes, but 
experiment shows that solutions of electrolytes have higher osmotic 
pressures than they would indicate. This is explained by the fact 
that such substances exist as ions when they are in solution. 

The laws of osmotic pressure may be symbolized by the fortnula 

pu — A:T, 

where p is the osmotic pressure, v the volume of solution containing 
1 gm. of the solute, T is the absolute temperature, and ^ is a con- 
stant. Hoff showed that the constant k in the above 

‘ osmotic equation ’ had the same value as the constant in the 
characteristic equation for an ideal gas. 

If one mole of a substance of molecular weight M is dissolved 
in a volume V cm.®, then V = Mv, so that the characteristic 
equation becomes 

pV = M^T 

Now it is found that is a constant for all substances : it is 
denoted by R and is known as the universal gas constant. Thus 

pV = RT 

If is the volume of a solution containing N moles of dissolved 
substance, NV = Q, so that 
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N 

If C — the concentration in mole, cm 




If c is the concentration in gm. cm. c = MC, so that • 

7> _ RT 
c “ M * 

Tims, if the osmotic pressure, in absolute units, of a solution at 
tcinjxTatiire T and concentration c is known, it is possible to deter- 
mine the molecular weight of the dissolved substance. 


Osmotic Pressure and the determination of Molecular 
Weij^ht. — It is customary in experimental work on osmosis to 
measure tlio [)res8ure in atmospheres and to consider the volume 
in cm.^ occupied in solution by 1 gram-molecule (or 1 mole) of 
the dissolved substance. The characteristic equation for an ideal 
gas, when the pressure is measured in atmospheres and 1 gram- 
molecule occuj)ying a volume V is considered, then becomes 

PV = RT, 

and R is a universal constant for all gases. It must be noted, 
however, that R is dilfcrent from the universal gas constant R 
which appears in the ideal gas equation _pV = RT, whore the 
j)ressure p is expressed in absolute units. It is known that 1 gram- 
molecule of a gas at S.T.P. occupies 22,415 cm.^. Hence 

1 X 22,415 = R X 273, 
or R = 82 00 cm.^ atnios. deg.“^ K. mole.“^ 


This enables us to calculate a value for the osmotic pressure of 
a non-electrolyto in solution or, knowing the osmotic pressure, to 
determine a value for the moleeular weight of the dissolved sub- 
stance. Let in gm. of a substance of molecular weight M bo dis- 
solved in 100 cm.^ of water at 0° C. Then the number of gram- 

molccules in this volume is so that 1 gram-molecule would 


occupy 



cm. 


Let P be the required pressure in 


atmospheres. Then 


P X f -- X 100 
ni 


* P 


-- R X (273 -h 0) 

0-821 X (273 4- 0).m 

atmosphere. 

_ 0-821»i(273 4- 0) 

M 


atmosphere. 
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Isotonic Solutions and Plasmolysis. — If the variation -with 
concentration of the osmotic pressure of one aqueous solution at 
a constant temperature has been investigated experimentally, the 
unknown osmotic pressure of another aqueous solution may be 
found in the following way. The strength of the first (or standard) 
solution must be adjusted until its osmotic pressure equals that 
of the unknown solution ; the two solutions are then said to be 
isotonic with each other. To carry out . such an experiment a 
convenient semi-permeable membrane must be available. De Vries, 
a Dutch botanist, in 1888 used the cells of the leaves of certain 
plants, among which he mentions those of Tradescantia discolor^ 
Begonia manicatat and Curcuma rubricaulis. Such cells consist of 
a mass of protoplasm (living matter) containing sap vacuoles 
separated from the protoplasm by the so-called inner plasma 
membrane, and surrounded by a cellulose wall which is sufficiently 






//- Cellulose wall = Protoplasm with sap vacuoles. Q-Nucleus. 


Fiq. 6-5. 


strong to withstand forces tending to change its shape, i.e. its 
changes in form are only minute. This wall is separated from the 
general mass of protoplasm by the outer plasma membrane. 
The whole of the contents of such a cell is termed the protoplast. 

Now the vacuoles contain the cell sap in which dissolved sub- 
stances exist. It is not known for certain whether or not the 
plasma membranes are the controlling semi-permeable membranes 
through which water passes to the vacuoles, or whether the whole 
lining of protoplasm acts in this way. The latter assumption is 
generally adopted as it simplifies the discussion. 

If, therefore, these cells are immersed in a solution having an 
osmotic pressure equal to their own, the ceU, viewed Under a micro- 
scope, will present its normal appearance [Fig. 5*5 (a)]. K the 
cell is placed in a solution having a greater osmotic pressure than 
its own, water will pass from the cells into the solution ; the proto- 
plast will shrink and the cell will appear as in Fig. 5*5 (6), or finally 
as in Fig. 5*6 (c). If the cell is placed in a solution the osmotic 
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pressure of which is Icvss than its own then water will pass into the 
cell, but this will only bo very slightly distended on account of 
the relatively strong cellulose wall which forms the external 
boundary of the cell. 

In order to find a solution which shall have an osmotic pressure 
equal to that of the cell, experiments are first made with a solution 
having an osmotic pressure greater than that of the cell. The 
solution is then dilated gradually until the protoplast just maintains 
its normal form. When this occurs the solution in the cell and the 
one in which the coll is immersed, each exert the same osmotic 
pressure, i.e. they are isotonic with one another. The above 
method of determining osmotic pressure cither of the solution in 
the vacuole of a leaf, or of an unknown aqueous solution, is referred 
to as the plasmolytic method. 

Dialysis. — In his famous researches on tho phonomonon of diffusion, 
Graham found that somo substances (mineral acids and salts), tho so- 
called crystalloids, wore able to pass through certain somi-pormoable 
membranes. Tho other typo of substance (gum, for example) is known 
by the name of colloid. Tho lino of demarcation between the two types 
is not sharp, somo substances behaving like crystalloids or colloids 
according to tho nature of tho solv'cnt in which they are dissolved. Tho 
classical example is that of sodium stearate, Ci^Haj.COONa, which 

acts os a colloid when an aqueous 
solution is made, whereas it ex- 
hibits tho properties of a crystal- 
loid when in alcoholic solution. 
Crystalloids are suoh that when 
tlioy are dissolved in water, they 
produce a diminution of its satur- 
ation vapour pressiu*D, a fact which 
is revealed by tho lowering of the 
freezing-point and the raising of 
tho boiling-point of tho water ; 
on tho other hand, colloids pro- 
duce no appreciable effect. When- 
ever a colloid is mado it almost 
invariably cont-ains a quantity of 
tho crystalloid from wliich it has 
boon prepared. Tho separation 
of those substances is carried out 
Fio. 6-0. — Apparatus for use in by means of a process known as 
Hot Dialysis.’ ‘ tlialysis.* Tho mixture is placed 

c ^ ■ X . ^ cylindrical vessel, the bottom 

ot which consists of parchment paper. The whole is placed in a liquid 

medium capable of dissolving tho crystalloid. Tlio cr>*stalloid diffuses 
througli the membrane until tlio concentration of this substance is the 
same on both sides of the medium. Frequent renewals of tho solvent 

obtaine^d in«de. and in this way a colloid, froo from crystalloids, is 

r which nro used for dialysis arc gold-beaters’ skin, 

Ush bladder, and parcimient paper. Tho speed at which dialysis takes 
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pleice rapidly increases with rise in temperature, and in order to effect 
this increase the hot dialyser shown in Fig. 6*6 may be employed. 
The colloid from which the crystalloid is to be removed is placed in a 
two-litre beaker. This is heated with the aid of a suitable burner. 
A membrane is attached by string to a cork suitably bored and fitted 
with two glass tubes to allow distilled water to pass into the bag which 
the membrane forms, any excess being removed by means of the auto- 
matic device indicated. This excess water carries with it the crystal- 
loid which has passed through the membrane. 

Surface Energy and Surface Tension. — Everyone will have 
noticed that when a small amount of liquid is brought into close 
contact with a solid, the liquid either spreads itself over the surface 
of the solid, or else collects itself into small drops, and that most 
liquids tend to rise in capillary tubes to a distance above the surface 
of the liquid in the containing vessel, whereas some, such as mercury 
and molten metals, act in an exactly opposite way. To explain 
these phenomena it has sometimes been maintained that the surface 
of a liquid must be endowed with some peculiar property, e.g. 
the surface may be skin-like. Lanomueb and N. K. Adam have 
shown that all these properties of liquids can be attributed to 
molecular happenings inside the liquid. The hypothesis that the 
surface of a liquid has a skin-like structure has been superseded by 
these more modern views. The fact that the molecules of a liquid 
are free to move has been confirmed by experiments on Brownian 
movement. These molecules must be very closely packed together, 
for experiment has shown that a liquid resists forces tending to 
compress it, even if the forces are enormously large. Since the 
molecules are so close together, the forces of attraction between 
neighbouring molecules in liquids must be very large. When, 
however, a molecule is at the surface of the liquid it will not be 
attracted equally in all directions, for there is no liquid above it. 
In consequence of this such molecules will tend to move towards the 
interior of the liquid. Since the molecules occupy space, i.e. there 
is a definite number per unit volume, the surface tends to diminish 
in area. In support of these remarks we have the fact that liquids 
tend to assume that shape which has the miruTmim area for a given 
volume. If a drop is subject to other forces comparable with 
those discussed above its shape will be slightly distorted from 
that having the 
window-pane. 

In virtue of these forces, directed inwards, molecules at the 
surface will possess a certain amount of energy due to position. 
The amount of this energy per unit area is termed the surface 
energy. The surfaces of both liquids and solids possess surface 
energy but it is only when the surface is mobile that its effects 
become apparent. The fact that a liquid surface is the seat of 


minimum area, e.g. a rain-drop hanging from a 
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potential energy manifests itself very vividly when a soap film is 
ruptured (with the aid of a pointed piece of filter paper, for 
example), for the liquid is projected in aU directions with a consider- 
able velocity, i.e. the potential energy has been converted into 

kinetic energy. 

Let a liquid film be formed between two limbs of a bent wire, 

BAG, Fig. 6*7, and a horizontal straight 
wire, XY, placed across them. Sup- 
pose that a force, F, acting normally to 
XY is necessary to maintain equilibrium 
when the film is vertical. Then F must 
be balanced by a force on the wire due 
to the film. Suppose y is the magni- 
tude of this force per unit length of 
the wire. If the length of XY is Z, the 
Fio. 5*7.— Surface Tension, total force on the wire from the above 

cause is 2yZ, the factor 2 being intro- 
duced since the film has two sides. Hence 
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F = 2yl. 

y is termed the surface tension of the liquid. 

[It should be noted that if parallel wires are used for the purpose 
of forming a film between them, the system is unstable. For 
example, if F, is too large, the force 2yZ never becomes sufficient to 
balance F for I remains constant. The instability does not matter 
08 far as theory is concerned, but with the stable arrangement 
hero adopted a rough estimate of y may bo made. If the weight 
of the wire is not sufficient it may be loaded. Then F = mgt 
wliero in is the total mass of the wire and its load.] 

On the Relation between Surface Energy and Surface 
Tension. — Again consider Fig. 6*7. Let XY move through a 
small distance to a parallel position XjY^ ,the external force on 
the wire being F. Now when a film is stretched in this way its 
temperature falls unless heat (thermal energy) is communicated 
to it. We shall suppose that the heat necessary to restore the 
film to its original temperature has been supplied. 

If e is the surface energy of the film, i.o. the potential energy 
per unit area of the surface, the increase in potential energy of 
the ‘surface’ molecules is (2Z.(5.r)f, the factor 2 being introduced 
since the film has two surfaces. The work done by the stretching 
force is F.(5.r. These two quantities cannot be equated, however, 
for heat has been communicated to it from external bodies. If 6Q 
is the heat (thermal energy) supplied to restore the temperature 
of the film to its original value, wo have 

(2Z.5j:)e = F.do: + (5Q. 
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Now the force F is equal and opposite to the pull of the film on 
the wire XY, when the film is in equilibrium. If y is the pull per 
unit length, then 21. y = F, the above equation becomes 

2l.dx.e = 2yl.dx -j- ^Q, 


or 


=>' + (S)- 


This may be written 


e = y 4- 


where r} = thermal energy supplied per unit increase in 

area of the film. 

Now the force y exerted on each unit length of the wire is called 
the surface tension of the liquid and the above shows that the 
intrinsic surface energy of a liquid is really the sum of two quan- 
tities-^a ‘ thermal * part denoted by rj, and a ‘ mechanical * part y, 
or £ — rj \ we see, therefore, that the surface tension is equal to 
the ‘ mechanical * part of the surface energy. Helmholtz called 
this ‘ mechanical ’ part of the surface energy the free energy of 
the surface, or the surface free energy. It will be noted also that 
the increase in the total free surface energy of a surface is equal 
to the external work done on that surface, providing heat is supplied 
to keep its temperature constant. 

The Pressure Difference across a Spherical Surface. — Let r, 
Fig. 6*8 (a), be the radius of a spherical bubble of gas in a liquid. 
Let P be the pressure outside the bubble. We have to show that 



the pressure inside is equal to P -|- p, where p is a quantity to be 
determined. For this purpose let r become r dr, where dr is 
a very small quantity, in fact so small that the pressure inside is 
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not altered thereby. Moreover, let heat be supplied to the film 
so- that its original temperature is restored. The area of the 
curved surface has increased from 47rr^ to 47c(r + dr}K H y is 
the surface tension of the liquid or, as we have just seen, its free 
surface energy per unit area, the increase in free surface energy is 
4jty[(r -f (5r)2 — r^] = Sjiyr . dr, since (<50® maybe neglected. This 
is equal to the work done in expanding the bubble. Since pressure 
is defined as the force per unit area, the total force acting on the 
inner surface of the bubble is 4nr^(P + p), while that on the outer 
surface is 47ir^P. Since these forces are opposed to one another 
the net work done on the film is 47tr^p . dr. Equating the two 
expressions obtained for this work, wo have 

. dr = Sjiyr . dr, 

^ 2y 

or P — 

If the bubble had been a soap bubble this excess pressure would 

have been — ^ for a soap film has a double surface. 

r 

The fact that the pressure inside a soap bubble diminishes as 
the radius increases is shown by the following experiment. Two 
brass cups, X, and Y, Fig. 5*8 (6), about 2 cm. in diameter and 
1 cm. long, are connected to stop-cocks A, B, and C os shown. 
The open ends of X and Y are immersed in a soap solution and soap 
bubbles differing considerably in diameter blown. B is open and 
C closed while the larger bubble is being formed, and vice versa. 
A is then closed and the two bubbles placed in commumoation 
with each other by opening the stop-cocks B and C. Air passes 
from the smaller bubble into the larger one, causing the latter to 
expand and the former to shrink. This process continues until the 
radius of curvature of the larger bubble is equal to the radius of 
curvature of the soap film which finally protrudes below the open 
end of Y and which is a portion of a spherical surface — see the dotted 
outlines on the diagram. After a time the thickness of the walls 
of the large bubble become so thin that it bursts : the film remaining 
on Y at once becomes flat, and after some time very thin and finally 
breaks. 


Pressure Difference across a Cylindrical Surface. — Let us 
now assume that Fig. 6*8 (a) represents the cross-section of a 
cylindrical bubble. Since it is difficult to produce such a bubble 
in a liquid wo will assume that it consists of a soap film havmg 
two surfaces. Consider a length I of this cylinder. When r 
becomes r + dr, as before, the increase in area is 2[27r(r + 

Lot thermal energy bo supplied to the film so that its temperature 
assumes its original value. The increase in the free surface energy 
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is 47iZy . dr. Now the work done, due to the pressure difference p, 

2v 

is 27irlp . Sr. Equating these two quantities we have p = 

When there is only one cylindrical surface the excess pressure is-^. 

Angle of Contact. — If a piece of clean glass is inserted into water 
so that it is in a vertical position, it will be found that the liquid 
near the glass has been drawn some distance beyond the level of 



Fio. 5*9. — Angles of Contact and their Measurement. 


the rest of the water. The ABC, Fig. 6*9 (a), i.e. the angle between 
the solid surface in the water and the tangent to the water surface 
where it meets the glass, is called the angle of contact for a water* 
glass interface. For water in contact with glass this angle is very 
small, whilst for benzol in contact with glass it is zero. 

When the above experiment is repeated with mercury the liquid 
near the glass is depressed below the general level of the mercury 
surface. The angle of-contact is again ABC, Fig. 6*9 (6), but it is 
now quite large (approximately 135°). It should be noted that, 
although the surface tensions of two liquids may be equal, they 
may not exhibit the same capillary phenomena, for their angles of 
contact with a given material may be different. 

The effect of the angle of contact on the shape of a small quan- 
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tity of liquid placed on a flat surface is easily shown as follows : — 
Water placed on a clean glass surface spreads itself over the 
glass, but if water is similarly placed on a greased plate it remains 
as a ‘ drop.’ Traces of dirt or grease alter the angle of contact 
very considerably ; that is the reason why rain water persists as a 
drop when it alights on a window-pane, for such a piece of glass is 
never chemically clean. 

To determine the angle of contact between water and glass 
coated with paraffin wax, N. K. Adam used an apparatus similar 
to that shown in Fig. 6*9 (c). A is a section of the plate at right 
angles to its faces. It is held in a clamp which may be rotated 
about a horizontal axis through B. The clamp may be moved 

vertically by means of the 
screw C, and the carriage 
E which it operates. 

D is a glass trough, 
coated inside with paraffin 
wax so that it may be 
filled with water above the 
level of its sides which 
have been ground flat on 
the top. This surface is 
made horizontal with the 
aid of the screws Si and 
S,. Gi, G, and G, are 
rectangular pieces of glass 
coated with wax and rest- 
„ ^ , * r. * * f ing on the sides of the 

Fio. 6*10. — Anglo of Contact of » . 

Mercury with Gloss. trough, and in contact 

with the liquid. By 

moving Gi and then G, across from the right-hand side of the 

trough to the positions indicated, the surface of the liquid is freed 

from contamination. The plate is set in turn at various angles 

of inclination tmtil a position is found for which the water-surface 

on one side of the plate remains undistorted right up to the line 

of contact with the solid. If is the angle between the trace of 

the plate and the undistorted surface of the water (as measured with 

the aid of a protractor), then ^ is the angle of contact required. 

In actual practice it is found that <f> depends on whether the 

plate A is being pushed into the water or raised. This effect is 

easily observed by using the rack and pinion to impart the 

necessary vertical motions to the plate, and the corresponding 

angles of contact measured in the usual way. If <f)i and <(>% are 

the ‘ advancing * and ‘ receding * angles of contact, it may be 

shown that 
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An interesting method for investigating the angle of contact 
between merciiry and glass is as follows : — The level of some mercury 
in an inverted spherical flask is adjusted by raising or lowering the 

reservoir D, Fig. 5*10, until the mercury surface in the flask is plane 
at points where it meets the glass. The angle BAG = ^ is the 
required angle of contact. If 2A is the length AC, and r the radius 

of the flask, ^ = sin-^ - : it must be remembered that ^ ^ < tt. 

Liquid in Contact with n Solid. — We now have to account for 
the fact that the surface of a liquid near its place of contact with 
a solid is, in general, curved, even when gravity is the only external 
force acting throughout the massof the liquid. Let ABC,Fig. 5*11, 
be the surface of the liquid. Consider the forces acting on a 
molecule M in the surface of the liquid and near to the solid D. 
They are : — 

(i) its weight acting vertically downwards ; 

(ii) the attraction of the solid on M, the direction of which will 
be along that normal to the surface of the solid which passes 
through M (since M is very close to the solid) ; 

(iii) the force arising from the attraction of neighbouring liquid 
molecules. This will be directed 
towards the interior of the 

■ liquid. 

Now the resultant force 
exerted on a molecule in an 
ideal liquid at its free surface 
must be normal to the sur- 
face. Hence the normal to the 
liquid surface at M wall be 
determined by the resultant of 
the above three forces. In 
general, this resultant does not act along (i), i.e. the surface of 
the liquid at M is not horizontal. 

For a moleciile near C, a point at a considerable distance from 
the solid, the only finite forces are (i) and (iii) and these then act 
vertically dowmwards, i.e. the surface is flat. 

For molecules at B, for example, there is a finite force (ii) but 
less than the force (ii) on M ; in consequence, the surface is more 
nearly flat. 

The Rise of a Liquid in a Capillary Tube. — For the sake of 
simplicity we shall first assume that the angle of contact is zero. 
Let AC, Fig. 6*12 (a), be the surface of a liquid in a capillary tube 
of radius r. We assume that AC is part of a sphere of radius r. 
The press\ire over the curved surface is everywhere atmospheric. 
At B, a point just below the surface and therefore in the liquid. 



Fig. 6*11. — Liquid in Contact with 

a Solid. 
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the pressure is less than atmospheric by an amount 



[cf. p. 116]. 


At D, a point below B and lying in the same horizontal plane as 
the surface of the liquid outside the tube, the pressure is atmo- 
spheric. Now the difference in pressure between the two points B 
and I) is equal to the pressure exerted by a column of liquid of 
height DB=/t (say). If p is the density of the liquid, this difference 
is gph. The pressure at B is therefore less than atmospheric by 
this amount. But it has already been shown that this difference is 


— . We therefore have 

r 



Now suppose that the angle of contact between the liquid and 
the material of the tube is</. — cf. Fig. 5*12 (6). Let R be the radius 
of curvature of the liquid surface at its lowest point — if the bore of 



Fia. 6*12. — Rise of Liquids in Capillary Tubes. 


the capillary is small, R is constant at all points on the liquid s\ir- 
face. Then, as before, if 77 is the atmospheric pressure, 

T» _i. T> - n 


Pressure at B = 77 — 


R* 


But pressure at D = 77 = pressure at B + gph. 


2y 

/. ^ = gph. 

But r = R cos fj > ; therefore ^ _ 


gph. 


It should be mentioned, perhaps, that if is finite, values of 
the surface tension of a liquid deduced from measurement of its 
rise in capillary tubes are unreliable, since the magnitude of <f> 
is always uncertain ; moreover, ^ varies considerably with the 
degree of contamination of the surfaces in contact. The above 
theory is necessary, however, for academic purposes. 


% 



THE natuhe of fluids 


121 


The Rise of a Liquid between Vertical Plates. — (a) Parallel 
plates. To calculate the amount of this rise we may use Fig. 5-12 (a). 
Let the vertical lines in that diagram now represent sections of 
the two parallel plates at distance d apart. We assume AC to be a 
section of a cylindrical siuface of diameter d so that the pressure at 

y 2y 

B is less than atmospheric by an amount — , or since d ~ 2r. 

T (t 

Proceeding as before we obtain (if the contact angle is zero). 



(6) Inclined Plates. — Fig. 5* 13 represents two vertical glass 
plates, AOB and OAD, inclined to one another at a small angle 0. 
When these are inserted in a liquid the latter rises between the plates. 
To determine the shape of the curve in which AOC, the vertical 
plane through OA and bisecting the angle 0, i.e. the plane of co« 
ordinates, intersects the liquid surface, consider an element PQR 
of the surface at right angles to the intersection of the liquid surface 
with the plane AOC. Let 
(x^y) be the co-ordinates, re- 
ferred to OC and OA as axes, 
of Q the middle point of the 
element PQR. [P^Q^Ri is 
another such element. Kotice 
that the projections p, and r 
of the points P, Q, and R re- 
spectively, on the horizontal 
plane through Ox do not lie in 
a straight line.] Then if the 
liquid wets the glass, the sur- 
face at PQR is part of that 
of a cylinder whose diameter 
is equal to the distance be- 
tween the plates at Q. This 
distance is xd, since d is small. 

The height y to which the liquid rises is therefore given by 



i.e. xy = 2y/gpd = constant. The surface is therefore part of a 
hyperbola, whose asymptotes are the axes of co-ordinates. 

Experimental Determination of Surface Tension. — [a) 
Rise in a Capillary Tube Method. Select a piece of glass tubing 
about 0*4 cm. diameter and heat it in a bunsen flame, rotating the 
tube all the time. When the glass begins to soften, apply a gentle 
pressure along its length so that the walls of the tube thicken. 



Fio. 6*13. — Rise of a Liquid between 
inclined Vertical Plates (end effect 
neglected). 
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Then remove the glass from the flame and slowly pull the ends apart. ^ 
The capillary tube thus constructed is clean, a condition which is 
absolutely essential if a reliable value for y is to be obtained. 
When the tube is cold select a length from the centre of the drawn- 
out portion and attach to it a very thin glass rod, R, drawn out to 
a point and bent twice at right angles as in Fig. 6*14. Bands Bi 
and B, cut from a length of rubber tubing enable this rod to be 
attached to the tube easily. 

Now clamp the capillary A in a vertical position and place the 
liquid whose surface tension is to be measured below the tube so that 
the latter is immersed to a greater depth than that at which it is to 
be used and then raise it slightly. If the liquid falls back readily 

as the tube is raised we may 
assume that the tube and liquid 
are not contaminated. Continue 
to raise the tube until the end of 
the rod is just about to break 
through the liquid surface. To 
measure the height of the liquid in 
the capillary a vernier microscope, 
M, should be used. The micro- 
scope is focussed on the lowest 
point of the liquid surface in the 
capillary and the reading on its 
scale observed. The vessel con- 
taining the liquid is then removed, 
care being taken to see that the 
rod is not disturbed. The micro- 
scope is then focussed on the end 
of the rod and the reading noted. 
The difference between these read- 
ings gives the height of the liquid 
in the xjapillary. These obser- 
vations should be repeated. The tube is then broken at the point 
corresponding to the top of the meniscus and the radius found with 
the aid of a vernier microscope. To do this several readings of two 
diameters mutually at right angles are made. If the mean values 
of each set are equal to within about 6 per cent, the mean value 
can be taken as a measure of r. If the discrepancy is greater than- 
this the tube should be rejected and another one constructed. 
It often saves much time if the mean diameters of the two ends 
of the tube are measured before commencing the experiment. 
If these are circular the chances will be that the rest of the tube 
will have a circular section. But these values must not be used in 
calculating y since it is the radius at the point B, Fig. 6*12, which 



Fig. 6-14. — Moaauromont of Sur- 
face Tension by Rise of Liquid 
in a Capillary Tube. 
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determines the pressure change in crossing the surface of the liquid. 
The value of the surface tension may then be calculated from the 
formula already proved. 

[At this point it is convenient to ask ourselves what would 
happen if a tube of radius r and length less than h, where h is 
given by 2y = gphT, were dipped in a liquid of surface tension 
y and density p. Usually, i.e. when the length of the tube is 
greater than A, it is the height of the liquid in the tube which 
adjusts itself until the equation is satisfied. When this is no 
longer possible, as in the problem now contemplated, the only 
quantity in the above equation which is a variable is r. The 
liquid therefore rises to the top of the tube and there forms a surface 
which is concave upwards and whose radius is greater than r. 
Its value is given by = Ar, where Aj is the height of the 
liquid in the capillary.] 

Note on Comparing Experimentally the Surface Tensions 
of Two Liquids— If the ‘rise in a capillary tube’ method is 
adopted it is not necessary to determine the radius of the tube if 
the tube is arranged so that the liquid meniscus stands in turn at 
the same position in the tube when the heights to which the liquids 
rise are determined. Then 

y, = JffpiAir, and y, = i?p*A,r. 

• tl = 

Yt P*Aj 

and ^ may be determined directly by means of Hare s apparatus. 

Pi •' 

(6) Jaeger*s Method or the Method of Maximum Bubble 
Pressure.— This is based on the fact that the excess pressure mside 

a spherical bubble of air inside a Hquid is ^ where r is the radius of 

the bubble. 

The experiment consists essentially in dete rminin g the maximum 
pressure required to produce an air bubble at the end of a vertical 
capillary tube immersed in the liquid whose surface tension is 
being determined. A capillary tube about 0-05 cm. in diameter 
is constructed as in (a). This is placed vertically downwards 
in a vessel. A, Fig. 6.16 (a) , . containing the liquid whose surface 
tension is required. It is connected to a manometer, C, conteuung 
xylol, and also to a Woulf’s bottle, D, fitted with a droppmg fi^el, 
B. Mercury (or water) is placed in B and permitted to run slowly 
into D. A difference of pressure between the inside and the outeide 
of the apparatus is at once shown if the apparatus is air-tight. 
When the pressure in D reaches a certain value bubbles apx>ear in A. 
These should be formed singly and at the rate of about one in ten 
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seconds. The first condition is obtained by reducing the volume 
of air in the apparatus so that when one bubble breaks away from 
the end of the capillary tube, the pressure inside the apparatus is 
reduced to such a value that it is less than the maximum pressure 
required to blow the bubble ; the second condition is obtained 
by adjusting the rate at which liquid flows into I). The maximum 
height h of the manometer is recorded. If p is the density of the 
liquid in the gauge, the pressure recorded by it is gphy where g is the 
acceleration due to gravity. But this pressure difference is not en- 
tirely due to the effects of surface tension, for partis attributable to 
the pressure due to the fact that the orifice of the capillary isat a depth 
d below the surface of the liquid. If o is the density of this liquid, 



Fio. 6*16 (o). — Apparatus for Determining Surface Tension of a Liquid. 

[The microscope M is only used when the vessel A has been removed, 
for otherwise refraction at the curved surface of this vessel would vitiate 
the observations.] 


this pressure amounts to gad^ so that the pressure difference directly 
attributable to surface tension is g[ph — ad]. We therefore have 

— = 0 (ph — ad). 


Hence y may be calculated when the other variables in this equation 
are known. 


To discover the reason why the value of r used in the above 
equation is equal to the radius of the capillary tube at its lower 
end, let us suppose that the tube is uniform in diameter and that 
the pressure inside the apparatus is such that the centre of the 
hemispherical liquid surface is at — cf. Fig. 6*16 (6). We are 
justified in assuming that this surface is part of a sphere if the 
radius of the capillary is not large, and the angle of contact 
between the liquid and the tube is zero. Suppose that the 
pressure inside the apparatus is increased so that the centre of 



THE NATURE OF FLUIDS 


125 



Fia. 5' 15 (6). — Forma- 
tion of a Bubble at 
the end of a Capil- 
lary Tube (greatly 
enlarged). 


4 

/ 


V 


the surface is at C*, the radius still being r, but that if the 
surface is forced down beyond this position its radius increases. 
When C 3 is the centre, let the radius be (r + dr). The pressure 
difference across the surface is then less and 
the bubble grows since the pressure inside 
the apparatus is too great for the surface to 
be in equilibrium. Thus a bubble of air 
escapes, and the liquid surface will lie entirely 
above C*, if the removal of one bubble is 
sufficient to reduce the pressure inside the 
apparatus below the maximum pressure 
necessary to cause a bubble to escape from 
the tube. If not, several bubbles will escape. 

The great advantages of this method are 
that it may be applied to determine the 
surface tension of a molten metal, or to investigate how the 
surface tension of a liquid varies with temperature, or how 

that of a solution varies with the con-, 
centration of the dissolved substance. 
The method is particularly suited for 
such determinations as the two last, since 
it is not necessary to know the radius of 
the capillary tube. Also, since a new 
surface is continually being formed in 
the liquid the effects of contamination 
are reduced to a minimum, and finally 
the radius r can be determined before 
observations are made [cf. method (a)]. 
Unfortunately certain difficulties arise 
1 ^ when an absolute determination of the 

' surface tension of a liquid is being made 

by this method. One is seldom quite 
sure whether or not the size of the 
bubbles, when the excess pressure inside 
the bubble is a maximum, is controlled 
by the internal or the external radius 
■ of the tube. If these radii differ con- 
siderably and the surface tension is 
Fig. 6-16. — Surface Ten- known at least approximately, simple 
Sion by ort^ary Bal- g^^gtitution of these values in the appro- 

&X100 M.6tllOCi5« 1 j 1 A. 

priate equation reveals the correct one. 
In addition, although for many years it has been maintained 
that the method gives results which are independent of the angle 
of contact of the liquid with the material of the tube, Pobteb 
has recently shown, at least for angles of contact greater than 



I 


1 
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7 i/ 2 , that when the external radius is the determining one, the 
calculation does not involve the angle of contact, but that it is 
quite otherwise when the excess pressure is determined by the 
internal radius. Porter also remarks that it is a matter of some 
surprise that the beUef that the results were always independent 
of the angle of contact should ever have gained credence, although 

that belief is generally held. 

(c) Ordinary Balance Method , — The surface tension of a 
liquid which wets glass may be determined as follows. A glass 
plate. A, Fig. 6-16 (a), (a microscope sUde) is supported by means 
of a metal clip, C, from below the pan of a balance— the lower edge 
of the slide is made horizontal. The vessel, D, containing the 
liquid is placed on a small table below the slide. The table 
may be raised by means of a screw, S. The balance is equibbrated 
and left free to swing. The adjustable table is then screwed up 
till the liquid just touches the lower edge of the plate. This is 
shown by a sharp jerk of the pointer as the microscope slide is 
pulled down by surface tension. Masses are then added to the 
other pan of the balance until the slide is withdrawn from the 
liquid. Since the lower edge of the slide had been in the general 
level of the liquid surface there is no correction for buoyancy. 

If / is the length and t the thickness of the slide at its lower edge, 
the force due to surface tension acting on it is 2(Z -\- t)y. This is 
equal to Tng, where m is the mass added to the pan to restore equili- 
brium. Hence y may be determined. 

An alternative method is os follows. Having screwed up the 
adjustable table till the pointer jerks, observe the position of the 
table (suitable scales may bo arranged as on a sphorometer). Instead 
of restoring equilibrium as above, the table is screwed up through 
a distance h until the pointer is back at zero. Then the buoyancy 
force just balances the force due to surface tension, and if the vessel 
containing the liquid has a large surface area, so that h will be also 
the depth of immersion of the shde, then 

2{l+i)y= Uhpg, 

where p is the density of the liquid. 

It must bo noted that this method only yields accurate results 
if t!io liquid completely fills the containing vessel so that the surface 
of the liquid may bo cleaned with the aid of waxed pieces of glass, 
as described on p. 118. » 

Soap Solutions ,^ — The plate method described above may 

' Prof. Roys recommonds tho following soap solution. To a litre of dis- 
tillod water contained in a woU-stopperod bottle add 26 gin. of sodium oloate» 
and let it stand for 24 hours. Then add about 300 cm.* of glycerol, shako 
well, and allow to stand for a week. By means of a siphon remove the olear 
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e&sily bo adapted, to determine tbe surface tension of a soap solu- 
tion, A glass or wire frame, as shown in Fig. 5*16 (6), is made and 
is supported from below one pu^u of a balance, and arranged that 
when the balance is equilibrated, the horizontal portion of the 
frame is about 0‘5 cm. above the general surface of the liquid. 
The frame is then immersed completely and extra masses, wi, 
added to the right-hand balance pan until the frame is in the same 
relative position as before. If Z is the len^h of the horizontal 
portion, the weight of the film being negUgWe, 

2yl = mg, 

[This method may be used for liquids such as water, the horizontal 
portion of the frame then being nearer to the general surface of 
the liquid.] 

Drops and their Formation, — Suppose that a glass tube 
about 2 mm. in diameter has been connected to a wide tube by 
means of rubber tubing and a narrow capillary glass tube, and the 
whole filled with a liquid — say, water. The capillary tube is merely 
to control almost entirely the rate at which the liquid escapes 
when the apparatus is held in a vertical position with the narrow 
tube pointing downwards. If the 
water leaving the tube is care- 
fully watched it will be seen to 
assume, in turn, shapes whose 
outlines are shown in Kg. 6*17 (a) 
and (6). As the drop continues (a) 
to grow a waist is formed — the Fia. 6*17. — Drops and their Forma- 

drop is then about to break away Vop?®%r d~p 

— of. Fig. 6-17 (c). When this ehowingtheformationof a Waist, 

occurs the water comprising the (c) A large Drop and Plateau s 
neck will form a small sphere Spherule, 
following the larger drop. It is known as Plateaus spherule 

— cf. Fig. 6-17 (c). 

To observe more easily the formation of a drop of liquid it is 
necessary to diminiah the effective pull of gravity on the drop. 
This was done in a very striking way by Daeung. At temperatures 
above 80® C. the density of aniline is less than that of water at the 
same temperature, whereas the reverse is true, at lower tempera- 
tures. Moreover, aniline and water are immiscible. Suppose, 
therefore, that a large tall beaker is nearly filled with water and a 
quantity of aniline (about 100 cm.^) added. This collects at the 

liquid, leaving tiie eoum behind. Add two or three drops of liquid ammoi^ 
to the solution atore in a dark cupboard. The solution must not 
wanned or filtered. 
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bottom of the beaker. A bimsen burner is then placed below the 
beaker : when the aniline assumes a temperature of about 80® C. 
it ascends to the top of the water and collects there in the form of a 
pendant drop. The rate of supply of heat is diminished and the 
aniline cools : a largo drop about 3 cm. in diameter begins to form. 
The drop then has a distinct neck which gradually becomes more 
thin. Finally, two constrictions are formed, and a large drop of 
aniline, followed by Plate* spherule, falls to the bottom of the 
beaker. The »roces8 is \ «en repeated. 



Fig. 5*18. — Wotting of a Surface by a Liquid. 


Drops of liquid not wotting the surface with which they are 
in contact — say, mercury — are, when small, truly spherical — of. 
Fig. 5-18 (o). As the drop grows, or if several small ones coalesce, 
it loses its sphericity — cf. Fig. 6*18 (6) — while a very large drop 
is perfectly flat except near its edges, i.e. it assumes the shape 
shown in Fig. 6-18 (c). 

If the liquid wots the surface, drops do not form, and the liquid 
spreads itself over the siufaco — Fig. 6*18 (d). 


A Liquid Drop between Plates. — ^\Vhen two clean pieces of 
plate glass are placed face to face no difficulty is experienced in 
separating them, but a considerable force is necessary to pull them 
away wlicn a small drop of water, for example, is placed between 
them and the plates are very close together. If d is the distance 
apart of tlio plates and the area wetted is large, then we may regard 
any small clement of the liquid surface as part of a cylindrical one 
with a radius of curvature 0*5(L Consequently the pressure in the 

2y 

water is less than that outside by an amount If A is tlie area 


of each plate which is wetted, the total force pulling the plates 

2y 

together is ^.A. 

(i * \ A 

On the other liand, when a small drop of mercury is placed 
between two plane surfaces, considerable force must bo applied to 
the plates in order to flatten the drop to any extent. If <f> is 
angle of contact between mercury and glass, the radius of curva- 
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ture, R, of the mercury surface normal to the plane of the plates 
is given by 

d 

2 I 

— = — cos (f). 

R 

/. Pressure in the mercury is greater than atmospheric by 

y 2y cos <f> 

R"" 

Since the above expression is positive. The force to 

2i . 

2y A cos {71 — <p) 

be applied is therefore • 

Surface Films on Water.— Many pure substances of a fatty 
nature, when placed on a clean surface of water, spread t em^ v^ 
out to form an exceedingly thin surface layer. It can e s own 
that the thinnest dim which can be formed on water is one molecule 
in thickness, each molecule of the oil being in direct contact with 

the surface of the water. , 

.Some extremely interesting conclusions have been drawn from 

the study of these layers, for their simple structure makes them 
peculiarly suitable for investigating the properties of t e mo ecu es 
themselves. It is found that these films can exist m three forms, 
corresponding to the solid, liquid and gaseous states o 
In the ‘ gaseous ’ state of the films, the molecules move about 
individually and separately in the surface, exerting an ou war 
spreading force on the boimdary of the surface, in muc e same 
manner as a gas exerts a pressure on the walls of the vesse con aining 
it, or a dissolved substance exerts an osmotic prc^ure on a se^- 
permeable membrane. In the ‘ solid * and liquid sta ° 5 

film the molecules adhere into compact, coherent masses, m which 
they are often just as closely packed as in solids or hqmds m 

In these coherent films the cross-sectional area of the in^vidual 
molecules has been measured by measuring the area of the com- 
posed of a known number of molecules, as calculated from the m^s 
of the film, i.e. the mass of the drop of substance placed on the water 
surface, and the mass of one of its molecules. The result of such 
measurements show that the molecules actually have e s apes 
which have been indicated for about three-quarters of a centoy 
by the structural formulae of organic chemistry. It is found,for 

instance, that the molecule of stearic acid, CitHssCOOHjMJ^ ^ 

five times as long as it is thick ; that the end group (COO ), un er 
certain circumstances, is slightly thicker than the rest of t e mo e 
cule ; and that usually the molecules pack into a coherent layer, 

F 


I 
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standing nearly vertical with the COOH groups directed towards the 
water. Many other coherent films, though not all, have the same 
vertical disposition of the molecules. In the ‘ gaseous ' films, 

when the molecules do not cohere, they lie flat upon the surface 
of the water. 

Viscosity. — Whenever relative motion exists between the 
different layers into which we may imagine a liquid is divided, forces 
are called into play tending to retard the more rapidly moving 
layers and to accelerate those which are moving more slowly. 
Similar forces, although much smaller, arise when a gas moves in 
the same way. To obtain a more definite idea of these forces let 
us consider Fig. 6*19 (a). In this xOy represents the boundary 
between a fluid and a solid over which the former is flowing. At 
this boundary it will be assumed that the fluid is at rest, and that 
all the molecules in a plane parallel to xOy have a resultant motion 



(mass-velocity of the fluid) which is parallel to the above reference 
plane and which increases with the distance of the layer from that 
plane. Let CDEF be an area of magnitude S at distance z from 
the reference plane. Then the molecules immediately above this 
plane tend to accelerate the molecules in it, while the molecules 
in the layer immediately below tend to retard them. In this way 
each stratum of fluid will exert on the one next to it a tangential 
traction, opposing the relative motion between the two layers. 
If F is the magnitude of this tangential force, the force acting on 

unit area of CE is : this is the tangential stress due to viscosity 

in tlic fluid. We assume that the magnitude of this stress is directly 
proportional to the difference in velocity between the layers imme* 
diately above and below the plane considered, divided by their 
distance apart. This latter quantity is termed the velocity- 
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gradient in the fluid. It is denoted by y where v is the mass- 

dZf 

velocity of the fluid at a height z above the reference plane. We 
may therefore write 

F dv 

s “ 

where rj ib & constant called the coefficient of viscosity of the 
fluid. It depends upon the nature of the liquid and its temperature, 
[Notice the similarity between this definition and those of diffusion 
and of thermal conductivity.] 

The value of jy in C.G.S, units is expressed in dynes per square 
centimetre per unit velocity gradient, i.e. gm, cm.-i sec.~i This 
unit is often called the ' poise ' in honour of Poiseuille. 

The above equation cannot be verified directly, but calculations 
based on it are in strict accord with experiment so that we do not 
hesitate to accept the above equation as a complete statement of 
the laws of viscosity. 

To determine the relation between the viscous forces in a fluid 
and the pressure differences in it, consider the volume of fluid lying 
between planes at heights z and z + dz above xOy — cf. Fig, 5*20 (d). 
Let the area of the faces parallel to xOy be unity, and let a be the 
cross-sectional area of the element in a direction normal to Oy. 

Then the forces due to viscosity acting on the lower and upper 
faces are 

dv , d / , dv ^ \ 

their lines of action being parallel to yO and to Oy respectively. 
Let pi and p^ be the pressures at points on the two ends of the 
prism, Px^^Pt't the forces are pja and p,a as indicated. Since 
the fluid is moving without acceleration, the total force on the 
element considered must be aero. Hence 

^ B \ dv , 

■ ' ^ Pi -h P*)a. 

Experimental Determination of Viscosity . — Method i : To 
determine the viscosity of water the apparatus shown in Pig. 5-20 
may be used. It consists of a tall metal cylinder furnished with 
an overflow pipe DC. A capillary tube of known length, I, and 
ra(hus, r, is placed in a horizontal position and connected to the 
cylinder. Water enters along the inlet tube as shown, any excess 
being carried away along DC. Attached to the exit end of the 
capiUary is a glass tube bent in the manner indicated. The pressure 
difference between the ends of the capillaiy is proportional to the 
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vertical distance between the levels A and B. This may be deter- 
mined with the aid of the scale in mm. and a U-tube filled with 
water and placed as shown so that the levels at A and C are the 
same. If the water is allowed to flow along the tube, as each drop 
breaks away from E the water level at B changes — an effect due 
to the changes in pressure at E as the drops alter in shape. 
This disturbing factor may be avoided if a small clean glass rod 
is placed in contact with the liquid. The liquid then leaves the 
tube in a trickle and the level at B is constant. 



It may be shown, by reasoning beyond the scope of this book, 
that V, the volume of liquid emerging in t seconds from the tube, 
is given by 



where xj is the coefficient of viscosity, j> the pressure difference 
between the ends of the capillary — it is gph^ where h = AB, p is 
the density of the water, and g is the acceleration due to gravity. 
It must be pointed out that the formula is true only for narrow 
tubes in which the velocity of the liquid is not so great that 
the flow becomes turbulent. 


Stokes* Law. — When a sphere falls vertically downwards through 
a viscous medium, the layers of liquid adjacent to the sphere tend to 
move with a velocity equal to that of the sphere. At a great distemee 
from the sphere the liquid is at rest. Consequently there must be 
relative motion between the different layers of the liquid and the 
motion of the sphere will depend on the viscosity of the medium. If 
the sphere is small it is found that it soon acquires a constant velocity, 
i.e, the pull due to gravity on the sphere is balanced by the upthrust 
of the liquid on it and the force arising from its motion through the 
viscous medium. 

This vertical force, F, will depend on >7, the viscosity of the medium, 
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a, the radius of the sphere, and v the constant or terminal velocity 
acquired by the sphere. Thus 

F = KG^yj^vy 

where is a constant, and a, and y are the appropriate dimensional 
coefficients. In addition to the dimensions of F, a, g, and v, which 
are already known, we require those of rj» Now 

[force] r dv-\ 

[LT-‘] 


Hence 


[area] 
[MLT-*] 




[L*] - [L] 

so that [»?] = [M][L]->[T]-i. 

We therefore have 

[MLT->] = [!]<» [ML-'T-^F [LT-‘]y. 
Equating like exponents, we have 

^ = l»a — ^ + y = l, <3 + y = 2. 

y = 1, a = 1. 

F = KGTJVf 

end it can be shown that k = 67c, i.e. F » 67^771;. 

This expression was first obtained by Stokss, 
and is known as Stokes* law for the force acting 
on a sphere falling imder gravity through a 
viscous medium. 

The Viscosity of Oils. — Suppose that p is 
the density of the material of the sphere, a that 
of the liquid. Since 

Weight of sphere = upthrust due to liquid dis- 
placed -}- force due to the motion of the sphere, 
we have, 

^na*pg = ^710 *< 7^7 + ^Tiatp), 

(p — a) 


• « 


V “ 


70cm. 




IB. 


i 



70cm 

1 


70cm. 


V 


\*-70cm.-*\ 

Fig. 6*21. — Visco- 

si t y of Oil 8 — 
Stokes’ Method. 


The above expression shows that if the velocity of fall of a sphere 
through a viscous medium can be measured, we have a means of 
determining the coefficient of viscosity of the medium. 

Let us suppose that glycerol is the liquid whose viscosity is to 
be determined. This is placed in a gl€iss cylinder. A, Fig. 6 * 21 . 
about 70 cm. long and 10 cm. wide. Spheres of known diameter are 
dropped into the liquid -and the terminal velocity for each sphere is 
deduced firom observations on the time required for the sphere to 
travel between two fiducial marks. Now the liquid is limited by the 
walls of the vessel and has a finite depth. The conditions stipulated 
by the above theory are therefore not fulfilled. It may be shown, how- 
ever, that if the sphere falls between two fiducial marks and B, 
(10 cm. from the top and bottom of the liquid respectively), then 
the motion is uniform. Further, if the diameter of the sphere does 
not exceed 0 2 cm. and a vessel 10 cm. wide is used, no correction is 
necessary for the effect of the walls of the vessel. If A is the distance 
between the fiducial marks, and t the time of transit. 
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80 that is constant for a given liquid at a constant temperature. 
If therefore a* is plotted against \/t o, straight line should be obtained 
if the conditions of the theory have been satisfactorily fulfilled. From 
the slope of the line r) may be deduced. 

Since the viscosity of an oil changes very rapidly with temperature 
it is advisable to measure and record the latter to within 0-1® C. — T is 
a thermometer — and, having measured the diameters of all the spheres 
to be used in some definite experiment, to carry out the fall experi- 
ments one after the other as quickly as possible. The spheres must fall 
centrally down the tube A, so that their fall shall not-be affected by 
the walls of the tube. 


EXAMPLES V 

1 . — How would you proceed to determine the osmotic pressure 
of a solution ? Give some account of plasmolysia and isotonic 
solutions. 

2. — Describe the apparatus used for preparing colloids by means of 
hot dialysis. 

3. — A liquid whose density is 0-83 gm. cm.'* rises to a height of 
8*92 cm. in a tube whose diameter is 0*0168 cm. What is the surface 
tension of the liquid 7 

4. — Describe a method of determining the viscosity of an oil. In 
an experiment with the cup and ball viscometer the time to break 
away for an oil of known viscosity 6*3 gm. cm.“* sec.”** was 60*7 sec. 
What is the viscosity of an oil when the time is 26*2 sec. 7 

6. — Define the terms surface tension and surface energy. Give the 
theory of one method of determining the surface tension of a liquid 
whoso angle of contact with gloss is zero. How would you demon- 
strate the existence of surface energy in a liquid film 7 

6. — What determines whether a liquid will rise or fall in a capillary 
tube placed with one end below the surface of a liquid 7 How may 
the surface tension of a molten metal bo determined 7 

7. — Explain the terms osmosis and osmotic pressure. Upon what 
factors does the osmotic pressure of a solution depend 7 

8. — A glass microscope slide, 10 cm. long and 1 mm. thick, is sus- 
pended from one arm of a balance so that its lower edge is horizontal 
and its plane vertical. The balance is left free and equilibrated. A 
vessel containing alcohol is placed below the slide and then raised until 
the alcohol just touches the lower edge of the slide. If a moss of 0*63 
grams must bo placed in the opposite pan of the balance to restore 
equilibrium, calculate the surface tension of alcohol. 

9. — Define the coefficient of viscosity and describe how you would 
proceed to compare the viscosities of two liquids — say alcohol and 
water — at room temperature. 

10. — Describe and explain how the surface tension of a liquid may 
bo measured by forcing bubbles of air through it. Discuss whether 
the result obtained in this way should be the same as that given by 
the capillary tube method. 

11. — Two vertical plates, distance d apart, ore immersed in a liquid 
whose angle of contact with the plates is zero, and whose surface 
tension is y. Calculate the height to which the liquid will rise at 
a point some distance from the edges of the plates. 
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12. — ^Discuss the shape of a liquid surface in the space between two 
vertical' plates inclined at a small angle to one another. 

13. — Describe and explain what happens when minute camphor 
particles are scattered on a clean water surface. Why does immersing 
one's finger in the water modify the eSect t A spherical soap bubble 
of radius 2 cm. is blown in an atmosphere whose pressure is 10 ^ 
d 3 me. cm.“*. If the surface tension of the liquid composing the film 
is 60 dyne, cm.-*, to what pressure must the surrounding atmosphere be 
brought in order exactly to double the radius of the bubble ? Assume 
no temperature change and no diffusion through the bubble. (N.H.S.C. 
'29.) 

14. — State and give the theory of a method of determining the 

surface tension of mercury, in which measurement of the angle of 
contact between mercury and glass can be avoided. (L. *23.) 

16. — Define surface tension and angle of contact. If the surface 
tension of a liquid having a density of 0-82 gm. cm.-*, is 28*3 
dyne, cm.-^, calculate the height to which the liquid will rise in a glass 
capillary tube of 0’6 mm. diameter dipped into it, the angle of contact 
between the liquid and glass being 30°. 

16. — A U-tube with vertical limbs is half-filled with liquid. If the 
diameters of the two limbs are 1 cm. and 0*1 cm. respectively, calculate 
the difference in height of the liquid in the two limbs if the density 
of the liquid is 1’27 gm. cm.-* and its surface tension is 46 dyne, cm.-* 
Assume the angle of contact to be zero. 

17. — ^A capillary tube 0*16 mm. in diameter has its lower end im- 
mersed in a liquid whose surface tension is 64 dyne, cm.-* and whose 
density is 0*86 gm. cm.-* Calculate the height to which the liquid 
rises, the angle of contact being 28°. Establish the formula used. 
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ELASTICITY 

Strain and Stress. — A system of forces acting on a body may 
sometimes be sucli that although there is no motion of the body as 
a whole yet there may be a relative displacement of its constituent 
particles causing a change of form or a change in the dimensions of 
the body. Such a body is said to be strained. When a body is 
strained forces are called into play tending to resist the relative 
di.splaoemont of the component particles : the body is then said 
to bo in a state of stress. There are three t> 7 )es of simple strain 
and simple stress : (a) tonsLIo strain and tensile stress, {b) com- 
pressive strain and compressive stress, and (c) strain and stress 
caused by shear. 

Tensile Strain and Stress.— In Fig. 61 (a), AB represents a 
uniform bar of initial length L. When stretching forces FF act upon 
AB its length increases by an amount / when equilibrium is attained, 
i.e. the internal forces in the body have reached such a magnitude 
that a further displacement of the com- 
ponent particles of the body is prevented. 

The ratio j- is called the tensile strain of 

the body and since both I and L are 
lengths, this strain, like every other 
strain, is measured by a mere number. 

Taking any arbitrary and imaginary 
section in the bar normal to its length as 
at X, Fig. 6*1 (6), the internal forces 
across this section are such that the forces 
S just balance the force F at A, while 
the forces T just balance F at B. These 
internal forces resist the efforts of the 
forces FF to break the bar : they consti- 
tute a tensile stress. Since these internal forces are distributed 
over an area the stress is measured by the force per unit area, so 
that stresses are expressed in the absolute systems of units either 
as dyne. cm. or as poundal.ft,“* Since the resultant of the 
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Fig. 61. — Tensile Strain 
and Stress. 
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internal forces S or T at X is F, if P is the stress and 5 the area 

F 

of cross-section at X, we have P = — . 

3 

Compressive Strain and Stress. — If the forces FF acting on 
the above body were reversed the length would decrease by an 
amount 1, the body would be subject to a compressive strain of 

I F 

amount and the stress due to compression would be — . 

Shear Stress and Strain. — A shear stress exists between 
two parts of a body in contact when each part exerts an equal 
and opposite force laterally on the other part and in a direction 
tangential to the surface of contact separating the two parts. 
Thus, suppose a rivet holds two plates together which sustain a 
pull F,F, across the section AB, Fig. 6*2. Under these conditions 
the lower portion of the rivet exerts a force parallel to AB on 
the upper portion, preventing it from moving to the left : similarly, 
the upper part exerts a force on the lower. The rivet is said to be 


F D Y 


cx 



Fia. 6-2.— Shear Stress and Strain. Fia. 6-3.— Shearing Strain. 

in a. state of shear across the plane AB, and if 5 is the area of the 
section AB, the shear stress is defined aa F/ 5 . 

To discover how the strain is measured when a state of shear 
exists, let us consider ABCD, Fig. 6*3, the cross-section of a block 
of india-rubber glued to a table along that face of which AB is the 
trace. Imagine that a piece of sheet brass glued to the upper 
surface is urged forward by a force F parallel to AB. When equili- 
brium is reached let the plate be in position XY, i.e. the plate 
will have suffered a displaeement CX with respect to the lower 
face. The block is now said to be sheared, the amount of the 

shearing strain being specified by the ratio i.e. tan 0. where B 

is the CBX. It wiU be seen that the shearing strain is the ratio 

of the relative lateral displacement CX of two horizontal layers at 

distance BO apart to that distance, i.e. it is equal to the numerical 

value of the relative lateral displacement of two horizontal layers 
at umt distance apart. 

If « is the area of the upper face the shearing stress is 
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It is important to note the following distinction between strain 
due to stretching [or compressing] forces and that due to shearing 
forces, for in the first instance both the volume and shape of the 
body may alter, whereas in the second it is the shape alone which 
changes, the volume remaining constant. A particular instance 
in which a change in volume but no change in shape occurs is 
when a cube of material which is isotropic, i.e. has properties the 
same in all directions, is subjected to a uniform pressure. 

Complimentary Stresses due to Shear.— Theorem ; A shear 
stress in a given direction cannot exist without an equal 

shear stress existing at right 
angles to it. To prove this, let 
us consider the rectangular body 
of sides, a, 6, and c, shown in 
Fig. 6-4. Let Fi, Fj, be the forces 
tending to displace the upper 
face with respect to the lower. 
The area of each of these faces is 
a6, so that the shear stress is F/a6. Let F„F, be shearing forces 
at right-angles to the above. Then the corresponding stress is 
Fj/oc. For equilibrium, the moment of all the forces about any 
point in their plane — say A — must be zero, i.e. F, . c = F, , 6. 
Dividing throughout by a6c, we have 

ab ac* 

i.e. the stresses are equal. 

Elasticity. — Wlien the forces acting on a strained material are 
removed the body may assume its original form and dimensions. 
Such a body is said to possess elasticity. Thus a piece of india- 
rubber is very elastic, while lead and putty are almost non- 
elastic, 

Hooke’s law and the Limit of Perfect Elasticity. — ^We have 
just defined the terms clastic and non-elastic as if they applied to 
two essentially different classes of substance. Actually, all bodies 
are elastic to a certain degree, depending on the magnitude of the 
applied load. Thus, if load is subjected to small stretching forces 
it recovers its original form and size when the forces are removed 
— i.e. the load then behaves as an elastic body. On the other 
hand, lead is non-elastic when the forces are not small and it is 
said to acquire a permanent set. The limit of stress within 
which the strain in a given material completely disappears when 
the stress is removed is called the elastic limit, or limit of perfect 
elasticity. At stresses below the elastic limit there is a linear 
relationship between a stress and the corresponding strain : this 
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fact was discovered in 1679 by Hooke, a contemporary of Boyle. 
and is known as Hookers law. 

The existence of the elastic limit is very strikingly shown by the 
following experiment : — Two long pieces of copper wire of the 
same diameter are suspended from the ceiling and an electric current 
passed through one of them so that it just glows in a darkened room. 
When the wire is cool, pans are attached to each wire and loaded 
with equal masses which are increased by 250 or 500 gm, at a time. 
At first the elongation of each wire is of the same order of magnitude 
and if the loads are removed the wires will resiime their original 
lengths. On increasing the loads further, a stage is soon reached 
when the wire which has been heated extends very rapidly and when 
the load is removed it is found to have acquired a permanent set. 
From this experiment it is clear that the elastic properties of a given 
material depend on its previous history. The heated wire is in an 
annealed condition, whereas the other wire which has been manufac- 
tured by drawing it through a die [a small hole in a steel plate — called 
a Wurtel plate] is said to have been cold worked. The effect of 
cold-working a metal by drawing it through a die, by rolling it in 
a mill, or by hammering it, is to increase its hardness, to lower its 
ductility, and to diminish its capacity for resisting mechanical 
shocks. 


Young’s Modulus and the Modulus of Rigidity. — The funda- 
mental law relating to elasticity, discovered by Hooke, is that the 
strain is proportional to the stress by which it is produced, 
provided that the elastic limit has not been exceeded. This 
relationship may be written 


stress = k X strain 

where A; is a constant in any given instance. This constant is 
called the modulus oj elasticity and depends upon the nature 
of the material and the type of stress used to produce the strain. 
When the body is subject to a simple tension (or compression), 
the body being free to contract in a direction normal to the line 

StiI*6SS 

of action of the stretching forces, k. i.e. the ratio -r — is called 

stram 

Young*s modulus. When the stress is due to shear the ratio 
stress 

strain ^ the modulus of rigidity of the material. 

Referring to Fig. 6’3, if « is the area of the upper face of the block 

the shearing stress is — , and since the strain is tan 0, or d (expressed 


8 




in circular measure), if the angle of shear CBX is small, the modulus 

F 

of rigidity is — ~ 0. The above method of determining k for 

s . 
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shearing stresses is only applicable to india-rubber, for the angle of 
shear is usually so small that it cannot be measured directly. Other 
methods are therefore employed, but they are beyond the scope of 
the present work. 

Experiment . — Obtain a rectangular block of indiarubber 20 cm. long, 
4 cm. wide, and 6 cm. thick, and cement one of the 20 cm. x 4 cm. 
faces to a vertical wall, the long edge being vertical. Cement a thin 
metal plate to the face opposite that cemented to the wall and suspend 
various loads by means of a hook attached to the plate. Measure 
with the aid of a travelling microscope the descent of the plate for each 
load and calculate the mean descent for unit change in load. Calculate 
the rigidity, n, of indiarubber as indicated in the following example. 

Example. — The mean extension for a change in load of 1 kgm. was 
0 040 mm. for the above block. Find the modulus of rigidity n. 

. . . . 0 004 

Anglo of shear = — g — radian. 

1000 X 981 

Change in stress = 2 ^^ ^ dyne. cm. ■ 

,, , , /lOOO X 981 6 \ , 

Modulus of rigidity = 20 x“ 4 ^ 0^/ 

= 1*63 X 10’ dyne. cm.“* 


Young's Modulus. — Suppose that a wire of length L and radius r 
is stretched by a load of mass m, the wire being free to contract 
in a direction perpendicular to the stretching force. The stress in 


mg 


the wire is since the wire is subject to stretching forces equal 
in magnitude to the weight of the load. If I is the increase in length 
the strain isj-, and the modulus of elasticity, denoted by Y in this 
instance, is given by 


tensile stress mg , I mgl* 

tensile strain ’ L nrH * 


Experimental Determination of Young’s Modulus. — Two 
identical wires of the material under investigation are suspended 
from a beam. The method of attaching the wires to this support 
is important, for if either wire slips the elongation will not be due 
to the load alone. One method is to pass one long piece of wire 
between two brass plates which are afterwards screwed together 
with the aid of two or more bolts and nuts — cf. Fig. 6’6. This 
wire is arranged so that the lengths of the two free portions are 
approximately equal. A scale graduated in mm. is screwed to the 

left-hand wire whilst a second wire carries a vernier and a scale-pan. 
In this way, since the wires are identical, any temperature change 
will affect each wire to the same extent, so that no differential 
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expansion due to temperature variations will be noticed. The wire 

carrying the mm. scale is slightly stretched by suspending from it 

a convenient load. The pan attached to the second wire is usually 

sufficient to keep it straight when it is 

otherwise unloaded. The initial reading of 

the scales having been noted, the wire 

carrying the vernier is suitably loaded and 

the scale and vernier reading observed. 

m stress 

To determine the ratio — r- it is advis- 

stram 

able to increase the load by 500 gm. at a 
time and observe the scale reading after 
each increment has been made : a graph 
showing the relationship between the load 
[ordinate] and the elongation [abscissa] is 
then constructed. Since the elongation is 
proportional to the load if the elastic limit 
has not been exceeded, this graph should 
be a straight line. With a piece of black 
cotton as a guide, the best straight line 
should be drawn through the points on the 
diagram and the slope calculated [cf. p. 

14]. lie is the slope of this line, we have 

L Lg 



Vernier* 


Y = 


mg 


= = . 0 . 


Fio. 6*6. — Apparatus for 
determining Y.M. for 
Metals in the form of 
Wires. 


nr^ I nr 

Young^s modulus can therefore be calculated if, in addition to the 
above observations, the length and mean radius of the wire are 
known. The mean radius is determined with the aid of a micro- 
meter screw gauge [cf. p. 7]. To test whether or not the elastic 
limit has been exceeded observations should also be made as the 
load is removed ; corresponding observations will be in agreement, 
the wire returning to its original length, if the elastic limit has not 
been passed and the mean value of the extension for each load 
shoffid be used in constructing the above graph. 

Apparatus for Determining Young’s Modulus for the 
Material of a Long Wire. — Two wires of the same material are hung 
irom the same rigid support, their lengths being about 2 metres. Each 
cmiM at Its lower end a brass rectan^ar frame from the lower sides of 
Which suitable loads may be supported. In Fig, 6-6, A and B are 
wu-es while C and D represent an end-on view of these frames. 
^ « one of two bars freely hinged to the frames so that one frame may 
F to the other. H is a metal strip, carrying a 

?F freely moving about a fulcrum M at one end. At 

tne other end it rests upon the point N of a vertical screw R, operated 
by the divided head T. The pitch of the screw is 0-6 mm. and the 

T ^ ffivided into 60 equal divisions. When the head 

A 18 rotated through one division its point moves 0*01 


iiili 
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A load of 1 kgm. is applied to each wire so that they shall be straight 
and the reading of the screw observed when one end of the air bubble 

is at the centre of the level. [This 
permits the position of the bubble 
to be adjusted more precisely than 
if it is attempted to adjust the 
bubble to a central position.] The 
load on one wire is then increased 
by 1 kgm. so that the wire is 
stretched and the air bubble dis- 
placed. By rotating the screw this 
bubble may be brought back to its 
standard position. The amount 
by which the point of the screw is 
moved is equal to the extension 
of the wire. The load is then in- 
creased in stages up to a maximum, 
removed 1 kgm. at a time, cmd 
readings of the screw taken for 
each load. A graphical or other 
method is then used to determine 
the mean extension for an increase 
in load of 1 kgm. and a value for 
Young's modulus for the material 
of the wire calculated as in the 
previous experiment. 

Poisson’s Ratio. — ^When a 
Fio. 6-6.— Searlo's Apparatus for jg subjected to the action of 

^ ° ° stretching forces only, in addition 

to the elongation ■which occurs, 
there is a contraction in all directions perpendicular to the length 
of the wire. The change in diameter relative to the original 
diameter is termed the latctal conttactioft stToift* The ratio 
of the lateral strain to the elongation strain is known as Poisson^ 
ratio (o’). For indiarubber available in the form of a long solid 
tyre, this ratio may be determined from observations on the change 
in diameter and the change in length. For other substances 
Poisson’s ratio is calculated from the other elastic constants for 
each particular substance. The necessary formulae are too difficult 
to prove here. 

Volume Elasticity or Bulk Modulus. — ^We have seen that if 
a body is subjected to a uniform pressure its volume diminishes. 
If p is the increase in pressure necessary to cause a volume V of 
a material to diminish by an amount v, the stress is p, for a pressure 

is defined as a force per unit area [of. p. 71], while the strain is 



The modulus of elasticity, which, in such an instance, is termed the 

V , pV 

volume elasticity or buik modulus, is therefore p yi i*®* 
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and is denoted ^ by The reciprocal of the bulk modulus is 
termed the compressibility of the substance, and is denoted by 

K, so that K =-a. 

The Compressibility of Liquids. — In an elementary account 
of hydrostatics it is always assumed that liquids are incompressible 
and, in fact, enormous pressures are required to alter by a small 
amount the volume of unit volume of all liquids, i.e. their compressi- 
bilities are always small. The fact that water was not a liquid 
with zero compressibility was first established by Canton in 1762. 
Bacon, at an earlier date, had subjected water, completely filling 
a lead sphere, to pressures greater than 
atmospheric, but the experiments were 
frustrated by the fact that the sphere 
always sprang a leak, or else the water 
escaped through the walls of the vessel 
which were porous. Canton used a glass 
vessel shaped like a thermometer and 
containing mercury, but with an open 
capillary tube. The level of the mercury 
in the stem of the instrument at a definite 
temperature was noted. The vessel was 
then heated until the mercury just filled 
it : the open end of the capillary was 
sealed and the instrument allowed to cool 
to its former temperature. It was found 
that the mercury stood at a higher level in 
the capillary than formerly. To account 
for this it might be assumed : — 

(i) that the mercury had previously 
been compressed by the external air, or 

(ii) that the vessel was reduced in size 
when the pressure inside was less than 
atmospheric. 

The experiment was then repeated with 
water in the same vessel : the change in Compress- 

level of the water was greater than in Liquids [after 

the case of mercury. It was therefore 
established that water was a compressible substance. 

Experimental determinations of the compressibilities of liquids 
are b^et with many difficulties, but the underlying principles are 
shown by the following experiment due to Oersted (1822). One 
form of his apparatus — an example of a class of instruments known 
as piezometers — is shown in Fig. 6*7. The liquid under investi- 

^ In acoustics B is used instead ojt 
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gation was contained in a cylindrical glass vessel, A, provided with 
a capillary tube, B, dipping below the surface of mercury contained 
in a trough, C. D was a narrow uniform glass tube, closed at the 
top, whose lower end dipped into the same dish of mercury. It 
contained air. The whole was placed in a wide glass tube, G, 
completely filled with water. Packing glands prevented the escape 
of water from between the ends of G and the metal discs closing 
its ends. By rotating the screw H so that it moved downwards 
very large pressures were exerted inside G, and these were trans- 
mitted to the liquid in A. The change in pressure inside the 
apparatus was deduced from the change in volume of the air in D, 
Theory : Let V bo the volume of A up to iho zero mark 0 on its 
stem. Let v be the volume per division on the stem B. Suppose 
that when the pressure was pi, the mercury in B stood at m : when 
it was 7>2 Then (m — n)y is apparently the reduction in 

volume of a volume (V + mv) of liquid when the pressure changes 
by an amount — 7 ?i). The apparent compressibility is 
therefore given by 

apparent diminution in volume _ (m — n)v 

^ ” (original volume) x (change in pressure) (V + mu)(p 2 — p^)* 
The more exact theory, due to LamI:, shows that from the rise of 
mercury in B, together with other relevant data, the difference 
between the compressibilities of the liquid and glass may be 
deduced. 

Regnault, in 1847, was the first person to obtain accurate values 
for the conij)rcssibilities of several common liquids, including 
mercury. In interpreting his observations he made use of the 
theoretical investigations of Lam6. 

Experiment , — The smallness of the compressibility of water is shown 
by the following experiment. Water completely fills a metal box 
having no lid. When a small bullet is fired into one side of this box 
the volume of water is diminished by an amount practically equal 
to that of the bullet before the water has had time to rise. Conse- 
quently enormous pressures are exerted on the sides of the box and 
this bursts. 


The Volume Elasticity or Bulk Modulus of an Ideal Gas 
at Constant Temperature. — Let P and V be the pressure and 
volume of a given mass of an ideal gas at constant temperature. 
Let the pressure become P -|- p, the corresponding volume being 
V — v. Then the increase in stress is p, while the corresponding 

V . /v\ 

strain is so that, b^' definition, the bulk modulus is p -r I y 1* 

Since the gas is an ideal one and therefore obeys Boyle’s law 

(P p) (V _ V) = PV, 
or pV — vP — pu = 0. 
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If p and V are small compared with P and V their product may 
be neglected, so that 

i>V — vP = 0, or P = — = B. 

V 

The volume elasticity of an ideal gas at constant temperature is 

therefore equal to the pressure to which it is subjected. [N.B. The 

pressure must be expressed in absolute or in gravitational units.] 
Alternative Proof, Let P and V become P + dP and V + 5V 

respectively. The increase in stress is dP, while the strain is - 

by definition, = lim f — 

dP-^O 





Now by Boyle’s law, (P + dP)(V + dV) = PV. 

VdP + PdV = 0, 

since the product dP,SV may be neglected. Hence 

■ P, i.e. ^ = P. 

Energy due to Strain. — In order to deform a body work must 
be done by the applied forces. 

The energy thus spent is 
stored in the body which is ^ 
then said to possess strain 
energy. This energy is lost 
when the stress is removed, 
appearing as heat, i.e. the 
body is temporarily at a tem- 
perature above that of its 
surroundings. The whole of 
the work done in deforming 
the body is only completely 
regained if its elastic limit has 
not been passed, for in this 
latter instance a permanent set is produced in the body and 

the energy necessary to do this is not regained when the stress 
is removed, 

Eor a wire in which the stress does not exceed its elastic limit 
the amount of work done in stretching, it may be calculated as 
foUows : — If a point A, Fig. 6*8, represents the state of the wire 
when the stretching force is F and the elongation Z, the work 
done in producing this condition is represented by the area of the 
triangle OAB. To prove this, consider two points K and L on OA, 
^d (kaw KM and LN perpendicular to the a:-axis. If the points 
-K- and L are very close together then during the deformation MN 



Elongation (1) 

Fia. 6*8. — energy due to Strain. 
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the stretching force may be considered constant and equal to that 
represented by EM, so that the work done is represented by 
KM X MN, i.e. it is represented by the area of the rectangle KXNM. 
Similarly, every such small rectangle into which the triangle OAB 
may be divided represents a quantity of work done. The total 
work done in deforming the wire is represented by the sum of all 
these rectangles, i.e. the area OAB. The work represented by this 
area is JF X Z. If L is the length of the wire and r its radius, the 
strain energy per unit volume is 

F / 

JFZ = i . 


7ir 


L.* 


This equation means that the strain energy per unit volume is 
one half the product of the stress and the strain. 

The Behaviour of Solids when the Applied Stress exceeds 
their Elastic Limits. — (a) BrittU Materials in Tension. Cast iron, 
hardened iron, Portland cement, stone and brick are examples of 
a brittle substance. Fig. 6'9 (a) shows the relation between the 
strain and stress for such a substance. OA is linear, so that A 
is the elastic limit, but beyond A the graph is curved. The point 
B represents the stage when the substance breaks. 





Fio. G'O. — Behaviour of SoUcIh when the Applied Stress exceeds their 

Elestio Limits. 


{h) Ductile Materials in Tension. The stress-strain diagram for 
a 0*25 per cent, carbon steel, obtained autographically, is shown 
in Fig. C-9 {b). A is the elastic limit and beyond this point the 
graph curves until the point Y is reached. Then comes the portion 
YZ of the curve, representing the stage during which there is a 
large increase in strain with practically no increase in stress : on 
a self-recording sensitive extensometer the portion YZ appears as 
an irregular wavy line, the stress corresponding to Z being less than 
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that at Y. Y is called the yield point, the corresponding stress 
being the yield-stress. In the stage AY the stretch is partly 
elastic and partly due to plastic flow in minute conglomerates of 
particles distributed throughout the material under test. Beyond 
Z the elongation becomes plastic : during the elastic stage the 
stretch is caused by simple tension but in the plastic stage strain 
becomes predominant so that the stretch is mainly due to total 
shear taking place throughout all parts of the specimen. As the 
stress is increased the stretch proceeds steadily until the bar is 
about to fracture. Then a stage with marked instability sets in 
and the piece becomes considerably thinner at one point, i.e. the 
specimen exhibits a local contraction and a marked roughening of 
^e hitherto smooth machined surface of the material appears. 

The specimen exhibits a phenomenon known as ‘necking.’ Immedi 

^ly tto occurs the stress decreases automaticaUy and the portion 
MB of the curve u obtained : the break finaUy occurs at B The 
stress corresponding to M is caUed the ultimate strength or 
tetmle strength of the material xmder test. Steel fO-2 per cent 

strength of 30 ton-wt. in.-^, while among 
timbers British Oak, that synonym for strength and durability ’ 
with a tensile strength of about 7 ton-wt. in.-i*, stands supreme if 
certem foreign woods are, excluded. Unfortunately, it TOutains 
acids which co^c^e iron and steel. It is for this reason that copper 
nvets are used m the construction of wooden ships. 

alteZZ a metal has been subjected to repeated 

V if \ ‘ i.e. its stLgth 

diminishes, which means that for a given stress the amount of strlin 

moreases. If the alterations are continued for a sufficiently long 

tune the metal may ultunately develop a fracture. ^ ® 

1 . ir of copper tubes of elliptical section the 

tubes are flrat drawn with a circular section. If the final operation 

of makmg the bore elliptical is carried out at onco it is suLessf ul 

but If the tube is allowed to remain overnight the process cZnot 
be completed in the morning. ^ cannot 

EXAMPLES VI 

D»tve“ 

modulus of an ideal gas. Two expression for the bulk 

are such that the linLr ’ dimensions of o^^^^ of the same material 
other. If equal loads are^XdTd fro^ f ® 
the ratio of the extensions produced calculate 

un^Tte^^ iZfote 

pressure inside a cylindrical boiler of ^ ff the limiting 

of an inch thick a4 i^Tof sides being t 

pressure of 40 to“wt !n.-» a limithi| 
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T —How would you proceed to determine Young’s modulus for a 
subata?ce"n the fo4 of'L unifo^ wire J H Y.M for steel k 2 x 10" 
dyne, cm.-*, what mass must he suspended from a steel wire 2 

nietres long and 1 mm. diameter to streteh it by 1 mm. J 

4 —A soM has a volume of 3-6 Utres when the external pressure is 

1 atmosphere. If the bulk modulus of its material is 10" dyne. cm.->, 
calculate the change in volume when the body is subjected to a pressure 

of 25 atmospheres. u j i. 

5 Explain Hooke’s law and describe how you would proceed to 

verify it for the extension of a vertical wire under load. A copper 
wire. 2 metres long and 3 mm.* cross-sectional area, is suspended 
vertically and a load of 6 kilograms attached to lU lower end. Cal- 
culate the work done in stretching the wire if Young s modulus for 

copper is 1-2 x 10‘* dyne, cm.-* ^ „ t 

6 —Define Young's modulus and the modulus of bulk elastvctty. 

Calculate the value of the latter modulus for a substance of which 
1 cubic decimetre is reduced in volume by 0 01 cm.* by an increase of 

pressure of 20 atmospheres. . . ,r » j i 

7— Explain what is meant by the statement : Young s modulus 

for steel is 2 X 10” dyne, cm.-*’ Calculate the mo^ of the lo^ 

which must be suspended from a steel wire 1 mm. m ^am^ to 

produce an elongation equal to 0-2 per cent, of ite ongmal length. ^ 

8 —How would you compare experimentally the value of Yo^g s 
modulus for copper with the value for the modulus of brass, being 

given wires of the same standard gauge T e v u 

9 —Calculate the modulus of bulk elasticity for a substance of which 

1 cubic docimotro is reduced in volume by 0 004 cm.* whoa subjected 

to an increase of pressure of 16 atmospheres. ^ i i ika 

10.— Calculate the density of water at the bottom of a lake 150 

metres deep assuming that the compressibility of water is 2 1 ^OOO 

IE Given that Young’s modulus for steel is 2 x 10** dyne, om. 

calculate its value in pounds weight per square inch. 

12. — A spiral spring of negligible mass is hung verti^lly and is 
such that a load of 6-6 gm.-wt. produces on extension jjm. II 
the spring carrying a load of 608 gm.-wt. is pulled downward, show that 
the load will execute a S.H.M. when the sprmg is released, and determme 

its period. . ^ . 

13. — An elastic string of natural length 2a con just support a cert^ 

weight when it is stretched until its whole length is 3a. One end of 
the string is now attached to a point in a smooth horizontal table, 
and the same weight is attached to the other end and move on 
the table. Provo that if the weight is pulled out to any distoce and 

(L.I.) 



then let go, the string will become slack again after a time g 

14.— A moss of metal of volume 600 cm.* hangs on the end of a 
wire whoso upper end is rigidly fixed. The diameter of 
uniform and equal to 0*4 mm. and its Young's modulus 7 X 10 
dyne, era.-* When the metal is completely immersed in water, the 
length of the wire is observed to change by 1 mm. Find the length 
of the wire if the acceleration due to gravity is 980 om. seo. 
(N.H.S.C. ’29). 



ANSWERS TO THE EXAMPLES 


I. (1) 0-82, 0-73, 0-68, 1-07, 57° 18'. (4) 314 ft. (5) 24-9 cm. 

41-7 ft. (2) 4° 47'. (3) 0-92 ft. sec.“*, 6 0 sec. (4) 8 cm. sec. 
!5! (6) 2-7 sec. (7) 48 ml. hr.-i (8) 67-9 ft. sec.-i 102 ft 

no ft. Ib.-wt. (11) 0-447, 1. (12) 20n-/3. 407rV9. 

(13) 101 to n.-wt. (14 ) 277/7 sec. (15) 4-3 X 10® erg. 

(16) 10 mVlg(2— V3) gm. cm. sec.-», 50 mlg (2— ^3) erg. 

Ib. ft. sec.-i (2)11-7 lb.-\vt. 3-34 ft. seo.-^ 
(4) 0-29 cm. from the centre. (5) 42-2 Ib.-wt. (6) 28 lb -wt 1 • 3 

A fulcrum. (10) 78-7 gm. (11) 62“ 55'. 

(13) Any point in a vertical line 0-5 in. from the median through C. and 
on the side nearer to B. (17) 86 ft. (18) 16-8 ft. (19) 26'. 

g“* (2) 40-6 cm. (3) 160-3 atmos., 152-1 ton.-wt. ft.-^ 

(10) 4-95 cm.3 

/ii ?o'? ™®*‘cury. (12) 261-1 gm. (13) 0-0779 cm., 1-297 gm. cm.-^ 

(14) 13-7 cm. of water. (15) 12-5 cm.a (16) 3,809 lb. yd.-^ (18) 0-604 • 1 

volume. (19) 0-0169 gm. too heavy. (20) 7-57 cm. (21) 1-014 

(22) 75 cm. (23) 57 cm. (25) 29-54 in. (26) 29-5 in. ^ 

V. (3) 30-5 dyne. cm. (4) 2-7 gm. cm.“*sec. 

(8) 30-7 dyne. cm.-» (13) 1-25 X 10® dyne, cm.-* 

(16) 1-3 cm. (17) 15-1 cm. 


-1 


(15) 2-50 cm 


1^04 311 lb -wt. in.-* (3) 8 kgm. (4) 0-085 cm.* 

o fnl ^ ^ dyne, cm.-* (7) 32 kgm. 

^ dyne, cm.-* (10) 1-0007 gm. cm.-* ^ 

(11) 1-29 X 10* Ib.-wt. in.-* (12) 1-76 sec. (14) 179-5 cm. 
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3 7 10 12 16 19 22 25 29 


3 6 


■ 


3 0 0 11 
3 6 8 11 


18 21 24 28 
17 20 23 20 


17 20 23 20 
16 10 22 25 


2455 2 


36 8 11 14 16 19 22 24 
3 6 8 10 13 15 18 21 23 


35 8 10 13 16 18 20 23 
2 6 7 10 12 15 17 10 22 


3284 3304 
3483:3502 
3074 3092 
38503874 


2072 


2900 


3118 


332 
3522 
371 
389 



2089 


3201 


2 4 
2 4 


7 0 
0 8 


B 


3(2^ 4771 

31 4914 

32 5051 

33 5185 

34 5315 


35 I 5441 


30 f,503 

37 5682 

38 5798 
5911 

40 (U)21 

41 0128 

42 0232 

43 0335 

44 0435 

45 0532 


4780 4800 

4928 4942 
5005 5079 
5108 5211 
W28 5340 

5453 5405 

5575 5587 5599 
6094 5705 5717 
5809 5821 5832 
5922 5933 

003 1 0042 


013h16149 
0243 
0345 
0444 0454 


05420561 


48I4'4829 


49r)5’4909 
5092 5105 
5224 5237 
5353,5300 


5478 


4548 

4098 


4843 


83 


2 


4133 


4249 4205:428114298 
440114425:4440 4456 
4564 4570 4594 4009 
i7in 4728'4742 4757 


4857 487li4880 4900 


2 4 
2 4 
2 4 
2 4 



2 3 
2 3 
2 3 
1 3 


6 7 
6 6 
6 6 

4 e 



24|50 
51 

5802 


5502 

5623 

5740 

5855 

5960 


6075 


0180 

0284 

6385 

6484 


4097 

5132 

5263 

5801 


5514 5527 ; 5639 5551 

5M5&647|5658 5070 
5752 5763 5775 6786 
5866 5877 5888 5899 
5977;5988 5999 6010 


0117 


212 


1 3 
1 3 
1 3 
1 3 


1 2 
1 2 
1 2 
1 2 


1 2 
1 2 
1 2 
1 2 



0561 6571 16580 


6675 

0707 

6857 

6046 


6684 6603 6702 6712 
6776 0785'0704 6803 
0806 6875’(;884 (^93 
0955 6064 6972 6081 


12 14 10 19 21 
11 14 16 18 21 


13 16 18 20 
13 15 17 19 


8 11 13 15 17 19 


6 8 10 12 14 16 18 
0 8 10 12 14 15 17 
6 7 9 11 13 15 17 
5 7 0 11 12 14 16 


10 12 14 15 


8 10 11 13 15 
8 9 11 13 14 
8 0 11 12 14 
0 10 12 13 


10 11 18 


8 10 11 12 
8 0 11 12 
Ol 8 9 10 12 
8 0 10 11 


ol 7 9 10 11 


7 8 10 11 
7 8 9 10 
0| 7 8 0 10 
7 8 9 10 


6 | 6 8 


5 6 7 8 9 

5 6 7 8 9 

5 0 7 8 9 

6 6 7 8 9 


5 6 7 8 9 

‘ 6 7 7 8 

6 6 7 8 

5 6 7 8 

6 6 7 8 


4 6 
4 6 
4 5 
4 5 


4 6 
3 6 
3 5 
3 4 


3 4 
3 4 
3 4 
3 4 


7042 7050i7059i70C7 


The copyrlRht of that portion of the above table which Rivee the logarlthnxa of 

from 10(W to 2000 Is the property of Messrs. Macmillan and Company, Linulca, 
by whose permls-slon they are reprinted. 
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LOGARITHMS 





55 I 7404 


56 

57 
68 

59 I 7709 


7782 


6 

1 


2 

6 

3| 


65 1 8129 


1 8195 
8261 
6325 
8388 


70 1 845 


17 

7 

259 7 
340 7 

74121 7419 7427 

7497 7505 
7574 7582 
7649 7657 
7710 7723 7731 

7789 7796 7803 

7! 

81 
84 


8136, 8142, '814918156 


7118 7126 7135 7143 7162 
7202 7210 7218 7226 7235 
7284 7292 7300 7308 7316 
7364 7372 7380 7388 7396 


7443 I 7451 7459 7466 7474 


8162 



8267 

8331 

8395 


8457 8463 


8519 

8579 


82168222 
8280 8287 
8344 8351 
8407 8414 


7518761 


8808 

8865 

8921 

8976 


9031 


81 9085 

82 9138 

83 9191 

84 9243 


85 I 0294 


86 

87 

88 
89 I 9494 


90 1 9542 


91 9590 

92 9638 

93 9685 

94 9731 


95 I 9777 


.9823 
97 I 9868 
.9912 
99 1 9956 


6639 


8756l8762l8768!8774 



8482 


6543 

8603 




8722 


8779 



8169|8176|8182'8189 


8235 

8299 

8363 

8426 


8488[8494 


8549 8655 856 
6609 8615 862 
8669 8675 
8727 8733 


87858791 


8842 


6854 8869 


3619042 9047 9053 


96 


929993 


9056 


112 

166 

217 

269 


309|9316 I 0320 



9 063 9069 ^7419079 

117 
170 
222 
274 


9232 

9284 


9365 6360 
9405 9410 
9456 9460 
0609 


9325|9330|9335|9340 


385 


9647 


0595 96 
9643 9647 
0689 6694 
9736 9741 


0782|0786 


9832 
9877 
9921 
6 


9827 

9872 

0917 

0061 


0557 9562 


60S 9609 
652 0657 
699 9703 
760 


97616795 


9636 9841 
9881 9886 
0920 9930 
0969 9974 



0516 


0566 



0610 9624 
9666 9671 
9713 9717 
9769 9763 


8 


063310 
9080 1 0 
9727 I 0 
0 


5l9809;0814l0816 


9854 0850 9863 0 
9699 0903 9908 0 
9943 9048 9052 0 
9987 0091 9996 0 


2 3 


5 6 


4 5 
4 5 
4 5 
4 5 



2 2 3 4 5 
2 2 3 4 5 
1 2 3 4 4 
1 2 3 4 4 


2 3 4 4 
2 3 3 4 
2 3 3 4 
2 3 3 4 



6 7 8 
6 7 7 
6 6 7 
6 6 7 

5 6 7 

5 6 7 

6 6 7 
5 6 7 
5 6 7 

5 6 6 


5 6 6 

6 6 6 
5 6 6 
5 5 6 


6 5 6 


5 5 6 
5 5 6 
4 5 6 
4 5 6 


4 6 6 


5 6 
5 6 
5 5 
5 6 


5 5 



2 2 3 3 
2 2 3 3 
2 2 3 3 
2 2 3 3 




12 2 
12 2 
12 2 
12 2 

































































































































INDEX 


Absolute units of’ forc(‘, 27 
AcoebTuf ion. 23 

of billing bodies, 2.5, 3S 
Ail’ putnps, 1)3- 7 
AlcolioUjinetry. HI 
Angle of '.’ontnet, 117 
of’ |•(‘pose, (55 

Ari birnedos' priiu'ipb'. 73 
Atwooil's inaeliine, 30-2 

Ibu’k lasli. H 
llaljuH’i', niiero-. .5.5 
pbysii ai, .52 
sensitivity of, .5:i -.5 
theoi’y of. -53 

Halaneing i-olninns «*f liijuiils. H7 
Haroineters. Hi 
Bei’ki'ley and Hartley. 100 
Bei-nouilli. .5 1 
H<)yle’s law. H.5-7 
Bramah press. 02 
Brownian movement, 102 
Bubble, exei'ss pri’ssuro inside. 11.5 
Bulk modulus of elast ieity, 112 
an iili'al gas. 1 1 1 
Buoyancy in gases, HH 
correction for, H8 

Callipers, slide, 7 
Capillarity. 110 cl neq. 

Capillary tube, ri.sc of a liquid in, 110 
Centro of gravity, -18 
Centrifugal force, 35 
Centripetal fori’C, 35 
e.g.s. system of units. 3 
Circle, uniform motion in, 35 
Coi'Oieient of difTusion, lO-l 
friction, kinetic, 0(5 
static, (55 
viscosity, 131 
Colloids, 112 

Column of liquid, pressure tluo to, 72 
Coinpres-sibility, 143 
apparent, 144 
of liquids, 143 
Conservation of energy, 34 
Construction of a baromotor, 84 
Contact, angle of, 117 
Correction uiul error, 8, 1(5 


Couple. 48 
Crystalloids. 112 

Density, 70, 74 cl ftei]., 87 
Derived quantities and units, 3 
Dialysis. 112 

Differential j^ulley. ^Ycston’s, 58 
Diffusion of tUssolved substances, 
gases, .solids, 102-0 
of metals, 100 
Dimensional equations, 41 
Dimensions, theory of, 40 
applications of. 43 
Displacement. 18 
Displacements, composition of. 19 
Drops, formation of, 127 
Dynamometer, friction. 07 
Dyne, 27 

IClliciencN’ of a inaehine, 50 
Kffusion, 104 
Klastie fatigue. 134 
limit. 138 

r,las( ieity, 13(5 cl scq. 

volume, of a gas, 13(5 
Energy, 34 

prineijilo of the conservation of, 35 
strain, 145 
surface, 113 

Equations, ilimensional, 41 
Equilibrium, types of, 40 
Erg. 34 
Eri'or, 8, 10 

<lue to pamllax, 1C 
Ern'r^ of observation, 16 

Ealling bodies, 25 
Fatigue, elastic, 134 
Kick's law, 104 
Filter pump, 03 
Floating bodies, stability of, 82 
Flotation, principle of, 74 
Fluids. 70 
Foot-pouiul, 34 
— poumlal, 34 
Force, 20-7 

Forces, composition of, 40 
Fortin baivmeter, 84 
Friction, 04 ct scq. 
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Friction dynamometer, 67 
Fundamental imits, 3 

Galileo, 26 

Gas constant per gram, 109 
universal, 110 

Graham’s law of diffusion, 105 
Gravitational units of force, 27 
Gravity, intensity of, 25, 27, 30 ct seq. 

Haro's apparatus, 87 
Harmonic motion, simple, 36-40 
Helmholtz and free surface energy* 
115 

Hooke’s law, 138 
Horse-power, 34 
Huyghens, 26 
Hydraulic press, 92 
Hydrometers, 77 et seq. 

Inclined plane, 59 

Intensity of gravity, 25, 27, 30 el seq. 
Isotonic solutions, 111 

Jaeger, 123 
Joule, the, 34 

Kilogram, international prototype. 4 
Kinetic friction, 66 

Langmuir, 113 

Laws, graphical determination of 14 
of motion, 26 
Lev’ers, 51 

Limit of perfect elasticity, 138 
Limits of accuracy, 16 

Macliines, 49 et seq. 

McLeod Gauge, 98 
Manometer, 98 
Mass and weight, 27 
measurement of, 15 
Mean yalue, 10 
Mechanical advantage, 49 
Membrane, semi-permeable, 107 
Mercury pumps, 93 et seq. 

Metacentre, 83 
Metre, standard, 4 
Micrometer screw gauge, 7 
Microscope, vernier, 9 
Modulus, bulk, 142, 144 
of elasticity, 139 
of rigidity, 139 
Young’s, 139 et seq. 

Moment of a couple. 48 
force, 48 

Momentum, 26 


Neutral equiUbrium, 49 
Newton, 26, 28 

Newton’s laws of motion, 26 


Occlusion, 99 
Osmosis, 106 et seq. 

Osmotic pressure, 107 et seq. 

Parallax, 16 
Parallel forces, 47 

Parallelogram of forces and of 
vectors, 20, 46 
Pendulum, simple, 37 
Perry, 66 
Petrol pump, 91 
Plasmolysis, 111 
Plateau’s spherule, 127 
Potential energy, gravitational, 34 
Poundal, 27 
Power, 34 

units of power, 34 
Practical units of force, 27 
energy, 34 
power, 34 

Pressure at a point in a liquid, 72 
atmospheric, 84 
excess, inside a bubble, 115 
gauge, McLeod, 98 
low, measurement of, 97 et seq. 
osmotic, 107 et seq. 

Principle of Archimedes, 73 
virtual work, 50 
Proof-spirit, 82 
Pulleys, 56 et seq. 

Pumps, air, 93 et seq. 
diffusion, 96 
lift, 90 
petrol, 90 
suction, 89 






, w.iBiitm, per gram, 

K , the universal gas constant nor 
mole, 109 ^ 

Regnault’s experiments on compress- 
ibility, 144 

Resultant of two non-collineai- 
forces, 46 
Retardation, 22 
Rigidity, modulus of, 139 
Rise of liquid in a capillary tube, 119 
between vertical plates, 121 


Scalars, 19 
Screws, 8, 60 

velocity ratio and efficiency of 61 
oearle, 141 

Second mean, 5 

Semi-permeable membrane, 107 
Sensitivity of a balance, 53-5 
Shear stress and strain, 137-8 
Sidereal day, 6 

Simple harmonic motion, 36 
pendulum, 37 
Siphon, 91 

Soap bubble, excess pressure inside. 
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Speed,' 20 
Spherometer, 11 
Sprengel pump, 95 
Spring, helical. 40 
Stability of floating bodies, 82 
Stable equilibrium, 49 
Static friction, 64 
Steelyards, 62-3 
Stokes’ law, 132 

Strain, compressive and tensile, 136-7 
energy, 145 
Stress, 136 
Suction pump, 89 
Surface energy, 113 
tension, 1 13 et seq. 
films on water, 129 

Tensile stress, 136 
Tension, sxirface, 113 et seq. 

Time, 4 

measurement of, 15 
Too})lor pump. 03 
Torricellian vacuum, 84 
Track, banking of a, 36 
Types of barometer, 84 
hydrometer, 17 ct seq. 

U-tube method, inverted, density by 
Hare’s. 87 

Unit, fundamental, 3 
of energy. 34 
of force. 27 
of length. 3 


Unit of power, 34 
of work, 34 
mass, 4 

Unstable equilibrium, 49 

Vacua, 95 et seq. 

Vacuum pump, rotary, 96 
— Sprengel, 95 
— Toepler, 93 
van’t Hoff, 109 
Vectors, 19 
Velocity, 21 
ratio, 49 
-time cur\'o, 21 
Vernier, 6 
circular, 13 
microscope, 9 
Viscosity, 130 ct seq. 

Waran, 96, 08 

Water, maximum density of, 4 
Watt, the, 34 
Weighing machine, 61 
Weight, 27 
Welandar, 32 

Weston’s differential pulley, 68 
Wetting of surfaces, 128 
Work, definition of, 33 

Yard, imperial standard, 3 
Yield point. 14C 
stress, 146 

Young’s modulus, 139 
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